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ABSTRACT9

The conventional friction bearings have limitations in controlling the structures’ vibration. To10

overcome their limitations and upgrade their seismic performances, the inertial amplifiers and11

inerters are applied to the core material of the conventional friction bearings. Accordingly, this12

paper introduces two kinds of upgraded friction bearings: inertial amplifier friction bearings and13

inerter-based friction bearings. These upgraded friction bearings are installed at the base of14

the single and multi-storey buildings with an adjacent retaining wall. The impact between the15

building and the retaining wall is considered. Following Newton’s second law, the governing16

equations of motion for the isolated structures, including the impact, are derived. The impact17

is formulated by the "signum" function to derive analytical optimal closed-form solutions for the18

design parameters of these upgraded base isolators. 𝐻2 and 𝐻∞ optimisation methods are applied19

to derive the exact closed-form expression for the optimal design parameters. To employ the20

𝐻2 optimisation method, the statistical linearisation method is applied to linearise each nonlinear21

element of the governing equations of motion. Parametric studies show that optimum frequency22

and damping ratios decrease with increasing isolator mass ratio, increase with increasing inertial23
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angle, and decrease with increasing isolator mass ratio. Transfer function development is the first24

step in obtaining dynamic reactions of isolated structures. Furthermore, Newmark-beta method is25

employed to validate the results of the frequency domain analysis and obtained dynamic response26

histories for the isolated single-degree-of-freedom systems. According to the results, the dynamic27

response reduction capacities of the inerter-based friction bearing and inertial amplifier friction28

bearing are significantly 97.16 % and 96.62 % superior to the conventional base isolators. All29

results are mathematically derived and accurate; hence, applicable to practical implementations.30

AUTHOR KEYWORDS31

Upgraded friction bearings, Inertial amplifier friction bearings, Inerter-based friction bearings,32

"Signum" function, 𝐻2 and 𝐻∞ optimisation techniques, Dynamic response reduction capacities.33

INTRODUCTION34

A structural engineering method called base isolation (Kelly 1986), often referred to as seismic35

base isolation or base isolators, shields infrastructure and buildings from the destructive power of36

earthquakes (Jangid 2021). In order for a building or other structure to move independently of the37

ground motion during an earthquake, it must be supported by flexible bearings or isolators. Base38

isolation serves the main function of minimising structural damage and improving occupant safety39

by reducing the transfer of seismic forces and vibrations from the ground to the superstructure40

(Sharma and Jangid 2010). Base isolators might be friction pendulum bearings (Cardone et al.41

2015), sliding bearings (Shrimali and Jangid 2002), and elastomeric bearings, among other types.42

These devices provide flexibility and dampening and are positioned between the superstructure and43

the foundation (Rahgozar et al. 2023). The ground shifts both vertically and horizontally during an44

earthquake. The superstructure may move independently of these ground movements thanks to base45

isolators, which lessens the chance that seismic forces and vibrations will enter the building. Base46

isolators lessen the amount of energy sent to the structure by dissipating energy via the deformation47

of its materials or sliding mechanisms (Liu et al. 2023). This dissipation of energy aids in shielding48

the structure from harm. Base isolation lowers the chance of major structural damage or building49
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collapse during an earthquake, which greatly increases occupant safety. Additionally, it enables50

a more predictable and regulated reaction to earthquake occurrences. Critical infrastructure,51

including emergency response centres, hospitals, and historic structures, often uses base isolation.52

It may also be used on a wide variety of other constructions, including industrial facilities, bridges,53

and residential buildings. When designing a base-isolated structure, the mass and stiffness of the54

building, the kind of isolators to be utilised, and the seismic hazard unique to the location must55

all be carefully taken into account (Zhao et al. 2021). The isolator’s ability to efficiently absorb56

seismic energy and stop the superstructure from shifting too much must be guaranteed by the57

design. Resilient friction bearing isolators, often referred to as isolator mounts or just isolators,58

are mechanical parts that lessen shock and vibration transfer between a piece of machinery or59

equipment and the structure that supports it. These isolators are often used in a variety of industrial60

applications to shield delicate equipment, machinery, and buildings from the harmful effects of61

vibrations, such as those produced by spinning engines, machinery, or outside pressures (Mostaghel62

and Khodaverdian 1987). Rubber or neoprene, two elastomeric materials, are often used to make63

the robust aspect of the conventional base isolators. This part isolates vibrations and shocks by64

being flexible and having dampening qualities. The outside structure that secures the resilient part65

in place is the isolator’s housing, which is usually composed of metal (Luo et al. 2023). To further66

reduce and manage vibrations, resilient friction bearing isolators (Chowdhury et al. 2023a) may67

include friction pads or shear components within the housing. In order to enable attachment to68

both the equipment and the supporting structure, isolators often have mounting holes or brackets.69

The weight of the equipment and the necessary degree of isolation must be taken into consideration70

when choosing an isolator since each one is designed to sustain a certain load capacity or weight71

(Ou et al. 2021).72

The design parameters must be optimised for these isolators to provide a strong dynamic73

response reduction capacity. Among the popular analytical optimisation techniques is the 𝐻274

optimisation approach (Chowdhury et al. 2023c). This approach allows for the derivation of75

the optimal design parameters in terms of closed-form equations. This technique may be used76
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for isolated structures that are randomly energised. Increasing the static mass of isolators is77

another way to get strong vibration reduction performance since this will overly enhance the base78

layer’s flexibility during seismic events (Sun et al. 2019). 𝐻∞ optimisation method is one of the79

prominent analytical optimisation methods to derive the optimal design parameters for the isolators80

(Chowdhury et al. 2024). Initially, the harmonic excitation needs to be employed as loading function81

to the isolator. Furthermore, the base isolator performs poorly for high-rise buildings that are close82

to neighbouring structures like retaining walls and ramps (i.e., impacts during earthquakes and83

storms). Earthquakes have been shown to have a negative impact on the seismic performance of84

fixed-supported buildings, resulting in minor damage or structural failure. However, the possible85

implications of earthquake-induced poundings on seismically isolated buildings can be far more86

significant and, therefore, should be evaluated. Here are some practical cases where accounting for87

pounding is essential:88

• In urban locations, structures with differing base isolators may experience varied displace-89

ments during earthquakes. Pounding between adjacent buildings might cause damage.90

• Poorly built expansion joints can cause pounding on bridges. Pounding might cause damage91

to the joint or nearby bridge segments.92

• High-rise structures with several levels may have varying natural frequencies on each floor.93

Pounding between floors might happen with significant ground vibrations.94

• Vibrations may cause machinery mounted on base isolators to crash with nearby structures95

or equipment.96

• Pounding between structural components, such as beams and columns, can occur when97

their natural frequencies align.98

Many researchers use numerical models to study how pounding can affect the seismic response of99

isolated buildings (Polycarpou and Komodromos 2010). In addition, tuned mass dampers are also100

installed at the top layer of the base isolator to enhance their seismic performances. The tuned mass101

damper uses a mass-dashpot-spring subsystem linked to the isolated superstructure, similar to a102
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pendulum. The efficiency of the scheme and identifies optimal parameters for designing the tuned103

mass damper are investigated. The base-isolated structure and the tuned mass damper are both104

described as linear oscillators with a single-degree-of-freedom each (Taniguchi et al. 2008). Apart105

from the conventional tuned mass dampers, the tuned mass damper inerters are installed at the106

isolator mass with ground support (De Angelis et al. 2019) to control the large displacement of the107

isolation layer during earthquakes (De Domenico and Ricciardi 2018). Instead of the linear tuned108

mass damper inerter, the nonlinear inerter vibration absorbers are installed in the base-isolated109

structures with ground attachment to increase their seismic performances and to control their larger110

base layer displacement during seismic events (Pietrosanti et al. 2021). In addition, in order to lessen111

these disadvantages, the isolators are attempting to improve their effective mass by utilising inerters112

(Zhao et al. 2021) and inertial amplifiers (Adhikari and Banerjee 2022) in place of static mass.113

The classic vibration control devices use an inerter to increase energy dissipation through mass114

amplification using motion transformers (Papageorgiou et al. 2009). Smith introduced the inerter115

(Smith and Wang 2004) from the force to the current analogy to reduce structural vibrations (Smith116

2002). These inerters have been widely used as vibration control devices in mechanical systems,117

particularly in vehicles (Swift et al. 2013). An inerter is a mechanical part used in engineering118

and suspension systems for vehicles (Chowdhury et al. 2023b). It is sometimes referred to as an119

inertance device or a dynamic vibration absorber (Smith 2020). It was first presented as a possible120

enhancement for car suspension systems in the early 2000s. The inerter’s function is to increase121

the effective mass of the isolation systems in order to give more damping. An inerter’s force is122

directly proportional to the relative acceleration between its ends, which is one of its most important123

properties. This implies that more damping is produced by the inerter’s force generation (Li et al.124

2023), which resists this relative motion. Another efficient mass amplification tool that may raise125

effective mass and dampen isolation systems is an inertial amplifier. It may also provide the isolators126

more flexibility and a suitable load-bearing capability at the same time during seismic occurrences.127

As a result, the isolators’ base layer may not sustain any harm, and the isolated structures’ lifespan128

could lengthen. Both inerters and isolators based on inertial amplifiers (Banerjee et al. 2021;129
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Yilmaz et al. 2007) are suitable for buildings that include nearby features like retaining walls and130

entrance ramps/entry bridge. However, inertial amplifiers and inerters are generated within the131

friction bearings’ core materials to improve the isolators’ performance and serviceability. After132

taking into account the impact (Chowdhury and Banerjee 2023a) between the building and adjacent133

structures (i.e., impact designed using "signum" function), the application of inertial amplifiers and134

inerters to conventional friction bearings/conventional base isolators for mitigating the dynamic135

responses of the single-degree-of-freedom system (i.e., a conceptualised model of the buildings)136

with adjacent structures and their corresponding analytical closed-form expressions for optimal137

design parameters do not exist in the state of the art. In previous studies, many researchers have138

included and designed dynamic vibration absorbers to avoid pounding with adjacent structures.139

In addition, the vibration absorbers are installed at the base-isolated structures to increase their140

seismic performances. However, this approach has several drawbacks. The detailed discussion141

have already presented in the previous paragraphs. As a result, a research gap is found.142

To fill the aforementioned research gap, the inertial amplifier friction bearings and inerter-based143

friction bearings are introduced in this paper. These novel dampers are applied at the base of the144

single-degree-of-freedom systems with adjacent structures (i.e., ramp and retaining wall). The145

impact between the single-degree-of-freedom system and adjacent structures is modelled using146

the "signum" function. Furthermore, the precise closed-form formulas for the optimum natural147

frequency and damping ratio of inertial amplifier friction bearing and inerter-based friction bearing148

are used in single-degree-of-freedom systems with impacting adjacent structures are derived using149

the 𝐻2 and 𝐻∞ optimisation approach (Roberts and Spanos 2003). Additionally, the dynamic150

responses of the isolated structures are first acquired via the generation of transfer functions. Later,151

Newmark-beta method is applied to conduct a numerical study to further validate the results of152

the frequency domain analysis. In the end, a comparison is made between the dynamic response153

reduction capabilities of the conventional base isolators and the novel bearings.154

STRUCTURAL MODEL155

A single-degree-of-freedom system having an adjacent structure isolated by an inertial amplifier156
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friction bearing has been shown in Figure 1 (a). The adjacent structure is conceptualized as a157

spring-dashpot and mass system. The distance between the neighbouring structure and the isolated158

building’s base mass is Δ. The base mass, which is stiff in its own plane because of diaphragm159

action, is believed to be the precise position of the point of contact (shear model of superstructure).160

Since the system takes no account of rotational degrees of freedom, the impact is normal and not161

oblique. With neighbouring buildings at the same distance, the effect is taken into account on both162

sides of the building. It is believed that the superstructure does not move beyond the elastic limit163

when an earthquake is triggered and an impact occurs. There is just one horizontal component of164

earthquake ground motion that affects the system. There is no attention given to the impacts of165

soil-structure interaction. The static mass, damping, and stiffness of the inertial amplifier friction166

bearing are defined as 𝑚𝑖𝑣, 𝑐𝑖𝑣, and 𝑘𝑖𝑣. The mass and inertial angle of the amplifier are denoted as167

𝑚𝑟 and 𝜃. After considering the mass amplification effect of the inertial amplifier (Chowdhury and168

Banerjee 2023b), the effective mass, damping, and stiffness of inertial amplifier friction bearing169

are derived as170

𝑚𝑣 = 𝑚𝑖𝑣 + 0.5𝑚𝑟

(
1 + 1

tan2 𝜃

)
, 𝑐𝑣 = 2𝜉𝑚𝑣𝜀𝑣, and 𝑘𝑣 = 𝑚𝑣𝜀

2
𝑣 (1)171

𝜀𝑣 defines the natural frequency of the inertial amplifier friction bearing. Another single-degree-172

of-freedom system having an adjacent structure isolated by an inerter-based friction bearing has173

been shown in Figure 1 (b). The mass of the inerter-based friction bearing is defined as 𝑚𝑣. 𝑚𝑢174

defines inerter mass. Using this the damping and stiffness of the inerter-based friction bearing have175

been derived and expressed as176

𝑐𝑢 = 2 (𝑚𝑣 + 𝑚𝑢) 𝜉𝜀𝑣 and 𝑘𝑢 = (𝑚𝑣 + 𝑚𝑢) 𝜀2
𝑣

(2)177

𝜇 defines the Poisson’s ratio for both isolators. 𝜀𝑣 defines the natural frequency of the inerter-based178

friction bearing. The conceptualized model of the adjacent structure is shown in Figure 1 (c). 𝑘ℎ179

and 𝑐ℎ define the stiffness and damping of the retaining wall.180
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EQUATIONS OF MOTION AND DERIVATIONS OF OPTIMAL DESIGN181

PARAMETERS182

The novel friction bearings are applied to the single-degree-of-freedom systems to control their183

dynamic responses. The frequency response function is formed using the steady-state responses.184

Newton’s second law is employed to derive the governing equations of motion of the isolated185

single-degree-of-freedom systems. The isolated single-degree-of-freedom system is subjected to186

unidirectional base excitation in the horizontal direction. Due to that, an impact occurs between187

the isolated single-degree-of-freedom system and the retaining wall when the relative displace-188

ment of the bearing exceeds the relative distance between the retaining wall and the bearing mass.189

The retaining wall is conceptualised as a spring, dash-pot model. After considering these con-190

ceptualisations, the impact is analytically formulated by the "signum" function instead of other191

existing impact models, such as the Hertzian model (Balachandran 2003) which is mathematically192

formulated by considering many assumptions. In some cases, the equivalent viscous damping is193

used to represent inelastic impacts in earthquake pounding situations (Anagnostopoulos 2004).194

The "signum" function allows us to derive analytical optimal closed-form solutions for the design195

parameters of these upgraded base isolators for the impacting dynamic systems which can not be196

achieved using the Hertzian model. In addition, the direct numerical solver needs to be used to197

solve the Hertzian model (Davies and Balachandran 2000). For some cases, the Hertzian model fits198

better experimental studies of pounding between different materials. The analytical optimisation199

methods are not applicable for Hertzian contact model-related base-isolated impacting dynamic200

systems. Therefore, the "signum" function is more accurate and feasible than the Hertzian model201

for formulating the impact in terms of analytical solutions.202
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Inertial amplifier friction bearing203

The governing equations of motion for the single-degree-of-freedom systems isolated by the204

inertial amplifier friction bearing have been derived as205

𝑚 ¥𝑤𝑠 + 𝑚 ¥𝑤𝑏 + 𝑐 ¤𝑤𝑠 + 𝑘𝑤𝑠 = −𝑚 ¥𝑤𝑔

𝑚𝑣 ¥𝑤𝑏 + 𝑐𝑣 ¤𝑤𝑏 + 𝑘𝑣𝑤𝑏 + 𝜇𝑚𝑣𝑔sgn( ¤𝑤𝑏) − 𝑐 ¤𝑤𝑠 − 𝑘𝑤𝑠 + 𝑘ℎ ( |𝑤𝑏 | − 𝛿) sgn(𝑤𝑏) + 𝑐ℎ ¤𝑤𝑏 = −𝑚𝑣 ¥𝑤𝑔

(3)

206

where 𝑤𝑠 and 𝑤𝑏 define the relative displacement of the single-degree-of-freedom system and207

isolator. The above equation is a highly nonlinear equation. To derive optimal design parameters208

for inertial amplifier friction bearing analytically, Eq. (3) needs to be linearised. Therefore, the209

statistical linearisation method is employed for Eq. (3), and the linearised element of the nonlinear210

element is derived as211

𝑐𝑣𝑒 = 𝐸

{
d(𝜇𝑚𝑣𝑔sgn( ¤𝑤𝑏))

d ¤𝑤𝑏

}
=

√︂
2
𝜋

𝜇𝑚𝑣𝑔

𝜎 ¤𝑤𝑏

and 𝑘𝑣𝑒 = 𝐸

{
𝑑 (𝑘ℎ𝛿sgn(𝑤𝑏))

d𝑤𝑏

}
=

√︂
2
𝜋

𝑘ℎ𝛿

𝜎𝑤𝑏

(4)212

where 𝛿 defines the relative distance between the adjacent structure and isolator mass. Eq. (4) is213

applied to Eq. (3) and the second expression of Eq. (3) is modified as214

𝑚𝑣 ¥𝑤𝑏 + 𝑐𝑣 ¤𝑤𝑏 + 𝑘𝑣𝑤𝑏 + 𝑐𝑣𝑒 ¤𝑤𝑏 − 𝑐 ¤𝑤𝑠

−𝑘𝑤𝑠 + 𝑘ℎ𝑤𝑏 − 𝑘𝑣𝑒𝑤𝑏 + 𝑐ℎ ¤𝑤𝑏

= −𝑚𝑣 ¥𝑤𝑔 (5)215

The steady-state solutions are considered as 𝑤𝑠 = 𝑊𝑠𝑒
i𝜀𝑡 , 𝑤𝑏 = 𝑊𝑏𝑒

i𝜀𝑡 , and ¥𝑤𝑔 = 𝑊𝑔𝑒
i𝜀𝑡 . The216

steady-state solutions are applied to Eq. (3), and the frequency response function has been derived217
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as218


2 𝜁 𝜀𝑠 𝑦 + 𝑦2 + 𝜀𝑠

2 𝑦2

−2 𝜁 𝜀𝑠 𝑦 − 𝜀𝑠
2 𝐵22




𝑊𝑠

𝑊𝑏

 = −


1

𝛾𝑣

 𝑊𝑔

𝐵22 = 2 𝜉 𝑦𝛾𝑣 𝜀𝑣 + 2 𝜁 𝜀𝑠 𝑦 + 𝜅 𝜀𝑠
2 + 𝛾𝑣 𝑦

2 + 𝛾𝑣 𝜀𝑣
2 + 𝑐ve 𝑦 − 𝑘ve 𝛿

(6)219

where 𝑦 = i𝜀. The dynamic response of the single-degree-of-freedom system is derived as220

𝐻𝑠 (𝑦) =
(
𝑊𝑠

𝑊𝑔

)
(𝑦) = −2 𝜉 𝑦𝛾𝑣 𝜀𝑣 − 2 𝜁 𝜀𝑠 𝑦 − 𝜅 𝜀𝑠

2 − 𝛾𝑣 𝜀𝑣
2 − 𝑐ve 𝑦 + 𝑘ve 𝛿

Φ
(7)221

The dynamic response of the isolator is derived as222

𝐻𝑏 (𝑦) =
(
𝑊𝑏

𝑊𝑔

)
(𝑦) = −2 𝜁 𝑦𝛾𝑣 𝜀𝑠 − 2 𝜁 𝜀𝑠 𝑦 − 𝛾𝑣 𝑦

2 − 𝛾𝑣 𝜀𝑠
2 − 𝜀𝑠

2

Φ
(8)223

The denominator Φ is derived as224

Φ =

𝑦4𝛾𝑣 + (2 𝜁 𝛾𝑣 𝜀𝑠 + 2 𝜉 𝜀𝑣 𝛾𝑣 + 4 𝜁 𝜀𝑠 + 𝑐ve) 𝑦3

+
©­­«

4 𝜁 𝜀𝑠 𝜉 𝜀𝑣 𝛾𝑣 + 4 𝜁2𝜀𝑠
2 + 2 𝜁 𝜀𝑠 𝑐ve

+𝜅 𝜀𝑠2 + 𝛾𝑣 𝜀𝑠
2 + 𝛾𝑣 𝜀𝑣

2 − 𝑘ve 𝛿 + 𝜀𝑠
2

ª®®¬ 𝑦2

+
©­­«

2 𝜁 𝜅 𝜀𝑠
3 + 2 𝜁 𝛾𝑣 𝜀𝑠 𝜀𝑣

2 + 2 𝜉 𝛾𝑣 𝜀𝑠2𝜀𝑣

−2 𝜁 𝛿 𝑘ve 𝜀𝑠 + 2 𝜁 𝜀𝑠
3 + 𝑐ve 𝜀𝑠

2

ª®®¬ 𝑦
+𝜅 𝜀𝑠4 + 𝛾𝑣 𝜀𝑠

2𝜀𝑣
2 − 𝛿 𝑘ve 𝜀𝑠

2

(9)225

Equation (7) and Eq. (9) are further applied to derive the exact closed-form expression for the226

optimal design parameters of the inertial amplifier friction bearing using 𝐻2 and 𝐻∞ optimisation227

methods. 𝑐𝑣𝑒 and 𝑘𝑣𝑒 define the equivalent damping and stiffness of the isolator and the retaining228

wall. To conduct the analytical optimisation procedure, two initial conditions have been derived,229

i.e. 𝜁 = 0, 𝜎 ¤𝑤𝑏
= 0, and 𝜎𝑤𝑏

= 0. These initial conditions are applied to Eq. (7) and Eq. (9).230

Accordingly, these equations are re-derived and applied for the optimisation procedures.231
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𝐻2 optimisation232

Equation (7) and Eq. (9) with the derived initial conditions are applied to perform the 𝐻2233

optimisation procedure (Chowdhury et al. 2022). In addition, the random white noise excitation234

(Roberts and Spanos 2003) is loaded at the base of the isolated single-degree-of-freedom system235

to avail the 𝐻2 optimisation method (Chowdhury and Banerjee 2024). Accordingly, the standard236

deviation of the displacement of the single-degree-of-freedom system derives as237

𝜎2
𝑤𝑠

=
𝑆0𝜋

(
4𝛾2

𝑣𝜀
2
𝑣𝜀

2
𝑠𝜉

2 + 𝜅2𝜀4
𝑠 + 2𝛾𝑣𝜀2

𝑣𝜀
2
𝑠 𝜅 + 𝛾2

𝑣𝜀
4
𝑣 + 𝜅 𝜀4

𝑠 + 𝛾𝑣𝜀
2
𝑣𝜀

2
𝑠

)
2𝜀𝑣𝛾𝑣𝜉 𝜀6

𝑠

(10)238

To derive the accurate closed-form formula for the best design parameters, Eq. (10) has been239

partially differentiated with regard to the damping ratio 𝜉 and frequency 𝜀𝑣 of the innovative240

isolators. Consequently, by minimising 𝜎2
𝑤𝑠

, these optimal design parameters have been found,241

which results in242

𝜕𝜎2
𝑤𝑠

𝜕𝜉
= 0 and

𝜕𝜎2
𝑤𝑠

𝜕𝜀𝑣
= 0 (11)243

Eq. (10) has been added to Eq. (11)’s first equation. Consequently, the new isolators’ optimal244

damping ratio has been determined to be245

𝜉 =

√︁
𝜅2𝜀𝑠4 + 2 𝜅 𝛾𝑣 𝜀𝑠

2𝜀𝑣2 + 𝛾𝑣
2𝜀𝑣4 + 𝜅 𝜀𝑠

4 + 𝛾𝑣 𝜀𝑠
2𝜀𝑣2

2𝜀𝑣 𝜀𝑠 𝛾𝑣
(12)246

The optimal damping ratio of the new isolators is defined as Equation (12). The frequency of the247

new isolators 𝜀𝑣 is contained in this closed-form calculation and must be separated. Eq. (12) has248

been replaced in Eq. (10) in order to accomplish that. Currently, 𝜎2
𝑤𝑠

is stated as changed.249

𝜎2
𝑤𝑠

=
2𝑆0

√︃(
(𝜅 + 1) 𝜀𝑠2 + 𝛾𝑣 𝜀𝑣

2) (
𝜅 𝜀𝑠

2 + 𝛾𝑣 𝜀𝑣
2)𝜋

𝜀𝑠
5

(13)250
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To determine the optimal frequency value of innovative isolators 𝜀𝑣, Equation (13) has been251

introduced into the second constraints of Eq. (11). Consequently, the new isolators’ optimal252

frequency has been determined to be253

(𝜀𝑣)opt =

√︁
2 𝛾𝑣 (2 𝜅 + 1)𝜀𝑠

2𝛾𝑣
(14)254

The frequency ratio of the isolator is derived using Eq. (14) and expressed as255

(𝛼𝑣)opt =

√︁
2 𝛾𝑣 (2 𝜅 + 1)

2𝛾𝑣
(15)256

In Eq. (12), Equation (14) has been replaced. Consequently, the new isolators’ optimal damping257

ratio has been determined to be258

(𝜉)opt =

√︃
𝜀𝑠

4 (
16 𝜅2 + 16 𝜅 + 3

)√
2

4
√︁

2 𝛾𝑣 𝜅 + 𝛾𝑣𝜀𝑠
2

(16)259

Figure 2 (a) and (b) depict the changes in the optimal frequency and damping ratios in relation to260

the isolator mass ratio of inertial amplifier friction bearing for various inertial angle values. As261

the isolator mass ratio rises, the optimal frequency and damping ratios decrease. As the inertial262

angle rises, the optimal frequency and damping ratios increase. The displacement response of the263

isolator’s standard deviation has been determined to be264

𝜎2
𝑤𝑏

=
𝜋 𝑆0

( (
𝛾𝑣

2 + 𝜅 + 2 𝛾𝑣 + 1
)
𝜀𝑠

2 + 𝛾𝑣 𝜀𝑣
2)

2𝜉 𝛾𝑣 𝜀𝑠2𝜀𝑣
(
𝜅 𝜀𝑠

2 + 𝛾𝑣 𝜀𝑣
2) (17)265

The velocity response of the isolator’s standard deviation has been determined to be266

𝜎2
¤𝑤𝑏

=
(𝛾𝑣 + 1) 𝜋 𝑆0

2𝜉 𝛾𝑣 𝜀𝑣
(18)267

Further, the optimal design parameters are derived using the 𝐻∞ optimisation method.268
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𝐻∞ optimisation269

The non-dimensional form of Eq. (6) with the initial conditions is applied to conduct the 𝐻∞270

optimisation method. In addition, it has been considered that the isolated structure is subjected271

harmonic base excitation. Hence, the non-dimentional form of the frequency response function is272

derived and expressed as273


−𝛼2 + 1 −𝛼2

−1 −𝛾𝑣𝛼2 + 2 i𝜉𝛼𝑣𝛾𝑣𝛼 + 𝛾𝑣𝛼
2
𝑣 + 𝜅




𝑊𝑠

𝑊𝑏

 = −


1

𝛾𝑣


𝑊𝑔

𝜀2
𝑠

(19)274

The dynamic response of the single-degree-of-freedom system is derived as275

𝐻𝑠 (𝛼) =
(
𝑊𝑠

𝑊𝑔

)
𝜀2
𝑠 =

𝛾𝑣𝛼
2
𝑣 + 𝜅 + 2 i𝜉𝛼𝑣𝛾𝑣𝛼

Φ
(20)276

The dynamic response of the isolator is derived as277

𝐻𝑏 (𝛼) =
(
𝑊𝑏

𝑊𝑔

)
𝜀2
𝑠 =

−𝛾𝑣𝛼2 + 𝛾𝑣 + 1
Φ

(21)278

The denominator of Eq. (20) and Eq. (21) is derived as279

Φ = −𝛼4𝛾𝑣 + 𝛼2𝛼2
𝑣𝛾𝑣 + 𝛼2𝜅 + 𝛾𝑣𝛼

2 − 𝛾𝑣𝛼
2
𝑣 + 𝛼2 − 𝜅 + i

(
2𝛼3𝜉𝛼𝑣𝛾𝑣 − 2𝜉𝛼𝑣𝛾𝑣𝛼

) (22)280

The resultant of Eq. (20) is derived to generate constraints for 𝐻∞ optimisation procedure and281

expressed as follows.282

|𝐻𝑠 (𝛼) | =

√√
𝑊2

1 + 𝜉2𝑊2
2

𝑊2
3 + 𝜉2𝑊2

4
=

�����𝑊2
𝑊4

�����
√√√√√√√𝑊2

1
𝑊2

2
+ 𝜉2

𝑊2
3

𝑊2
4
+ 𝜉2

(23)283

Two constraints are derived from Eq. (23) using the fixed-point theory and expressed as284 �����𝑊1
𝑊2

�����
𝛼 𝑗

=

�����𝑊3
𝑊4

�����
𝛼 𝑗

and

�����𝑊2
𝑊4

�����
𝛼1

=

�����𝑊2
𝑊4

�����
𝛼2

(24)285
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𝑊 𝑗=1,2,3,4 has been derived as286

𝑊1 = 𝛼2
𝑣𝛾𝑣 + 𝜅,𝑊2 = 2𝛼𝑣𝛾𝑣𝛼,𝑊4 = 2𝛼3𝛼𝑣𝛾𝑣 − 2𝛼𝑣𝛾𝑣𝛼,

and 𝑊3 = −𝛼4𝛾𝑣 + 𝛼2𝛼2
𝑣𝛾𝑣 + 𝛼2𝜅 + 𝛾𝑣𝛼

2 − 𝛼2
𝑣𝛾𝑣 + 𝛼2 − 𝜅

(25)287

Equation (25) is substituted in the first expression of the Eq. (24).288

𝛼4𝛾𝑣 +
(
−2𝛾𝑣𝛼2

𝑣 − 2𝜅 − 𝛾𝑣 − 1
)
𝛼2 + 2𝛾𝑣𝛼2

𝑣 + 2𝜅 = 0 (26)289

Equation (26) is written as290

𝛼4 +
(
−𝛼2

1 − 𝛼2
2

)
𝛼2 + 𝛼2

1𝛼
2
2 = 0 (27)291

The summation of the two roots, i.e. 𝛼2
1 + 𝛼2

2, are derived after comparing Eq. (26) and Eq. (27).292

𝛼2
1 + 𝛼2

2 =
2𝛾𝑣𝛼2

𝑣 + 2𝜅 + 𝛾𝑣 + 1
𝛾𝑣

(28)293

Equation (25) is substituted in the second expression of the Eq. (24).294

𝛼2
1 + 𝛼2

2 = 2 (29)295

Equation (28) and Eq. (29) are equating to derive the mathematical expression for the optimal296

natural frequency of the isolator.297

(𝛼𝑣)opt =

√︁
2𝛾2

𝑣 − 4𝛾𝑣𝜅 − 2𝛾𝑣
2𝛾𝑣

(30)298
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Equation (23) is squared and partially differentiated with respect to the damping ratio of the isolator299

to derive its optimal value and the mathematical expression is derived as300

𝜕 |𝐻𝑠 (𝛼) |2
𝜕𝛼2

�����
𝛼2

1,2

= 0 and (𝜉)opt =

√︄
𝜉2

1 + 𝜉2
2

2
(31)301

Applying the first expression of Eq. (31), the optimal damping ratio is derived as302

𝐴1𝜉
4 + 𝐴2𝜉

2 + 𝐴3 = 0,

𝐴1 = −32𝛼4
1,2𝛼

4
𝑣𝛾

4
𝑣

(
𝛼2

1,2 − 1
)
,

𝐴2 =

−12𝛼8
1,2𝛼

2
𝑣𝛾

4
𝑣 +

(
16𝛼4

𝑣𝛾
4
𝑣 + 16𝜅 𝛼2

𝑣𝛾
3
𝑣 + 16𝛼2

𝑣𝛾
4
𝑣 + 16𝛼2

𝑣𝛾
3
𝑣

)
𝛼6

1,2

+
©­­«
−16𝛼6

𝑣𝛾
4
𝑣 − 32𝜅 𝛼4

𝑣𝛾
3
𝑣 − 16𝛼4

𝑣𝛾
4
𝑣 − 8𝛼4

𝑣𝛾
3
𝑣 − 16𝜅2𝛼2

𝑣𝛾
2
𝑣

−16𝜅 𝛼2
𝑣𝛾

3
𝑣 − 4𝛼2

𝑣𝛾
4
𝑣 − 8𝜅 𝛼2

𝑣𝛾
2
𝑣 − 8𝛼2

𝑣𝛾
3
𝑣 − 4𝛼2

𝑣𝛾
2
𝑣

ª®®¬𝛼4
1,2

+
(
16𝛼6

𝑣𝛾
4
𝑣 + 32𝜅 𝛼4

𝑣𝛾
3
𝑣 + 16𝜅2𝛼2

𝑣𝛾
2
𝑣

)
𝛼2

1,2

,

𝐴3 =

(
−4𝛼4

𝑣𝛾
4
𝑣 − 8𝜅 𝛼2

𝑣𝛾
3
𝑣 − 4𝜅2𝛾2

𝑣

)
𝛼6

1,2

+
©­­«

6𝛼6
𝑣𝛾

4
𝑣 + 18𝜅 𝛼4

𝑣𝛾
3
𝑣 + 6𝛼4

𝑣𝛾
4
𝑣 + 6𝛼4

𝑣𝛾
3
𝑣 + 18𝜅2𝛼2

𝑣𝛾
2
𝑣 + 12𝜅 𝛼2

𝑣𝛾
3
𝑣

+12𝜅 𝛼2
𝑣𝛾

2
𝑣 + 6𝜅3𝛾𝑣 + 6𝜅2𝛾2

𝑣 + 6𝜅2𝛾𝑣

ª®®¬𝛼4
1,2

+

©­­­­­­­­«

−2𝛼8
𝑣𝛾

4
𝑣 − 8𝜅 𝛼6

𝑣𝛾
3
𝑣 − 8𝛼6

𝑣𝛾
4
𝑣 − 4𝛼6

𝑣𝛾
3
𝑣 − 12𝜅2𝛼4

𝑣𝛾
2
𝑣 − 24𝜅 𝛼4

𝑣𝛾
3
𝑣

−2𝛼4
𝑣𝛾

4
𝑣 − 12𝜅 𝛼4

𝑣𝛾
2
𝑣 − 4𝛼4

𝑣𝛾
3
𝑣 − 8𝜅3𝛼2

𝑣𝛾𝑣 − 24𝜅2𝛼2
𝑣𝛾

2
𝑣

−4𝜅 𝛼2
𝑣𝛾

3
𝑣 − 2𝛼4

𝑣𝛾
2
𝑣 − 12𝜅2𝛼2

𝑣𝛾𝑣 − 8𝜅 𝛼2
𝑣𝛾

2
𝑣 − 2𝜅4 − 8𝜅3𝛾𝑣

−2𝜅2𝛾2
𝑣 − 4𝜅 𝛼2

𝑣𝛾𝑣 − 4𝜅3 − 4𝜅2𝛾𝑣 − 2𝜅2

ª®®®®®®®®¬
𝛼2

1,2

+2𝛼8
𝑣𝛾

4
𝑣 + 8𝜅 𝛼6

𝑣𝛾
3
𝑣 + 2𝛼6

𝑣𝛾
4
𝑣 + 2𝛼6

𝑣𝛾
3
𝑣 + 12𝜅2𝛼4

𝑣𝛾
2
𝑣 + 6𝜅 𝛼4

𝑣𝛾
3
𝑣

+6𝜅 𝛼4
𝑣𝛾

2
𝑣 + 8𝜅3𝛼2

𝑣𝛾𝑣 + 6𝜅2𝛼2
𝑣𝛾

2
𝑣 + 6𝜅2𝛼2

𝑣𝛾𝑣 + 2𝜅4 + 2𝜅3𝛾𝑣 + 2𝜅3

𝜉2
1,2 =

−𝐴2 ±
√︃
𝐴2

2 − 4𝐴1𝐴3

2𝐴1

(32)303

where 𝛼2
1 and 𝛼2

2 are the individual root of the Eq. (26). The value of 𝛼2
1 + 𝛼2

2 from Eq. (29) has304

been substituted in Eq. (26) before deriving the exact closed-form expression for each root, i.e. 𝛼2
1305
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and 𝛼2
2. As a result, the exact closed-form expressions for for 𝛼2

1 and 𝛼2
2 is derived as306

𝛼2
1,2 =

𝛾𝑣 ±
√︁
−2𝛼2

𝑣𝛾
2
𝑣 − 2𝜅𝛾𝑣 + 𝛾2

𝑣

𝛾𝑣
(33)307

Equation (30) is substituted in Eq. (33) to obtain the optimal closed-form solutions for Eq. (33).308

(
𝛼1,2

)2
opt =

√
𝛾𝑣 ± 1
√
𝛾𝑣

(34)309

Equation (30) and Eq. (34) are substituted in Eq. (32). Accordingly, the optimal closed-form310

solution for the damping ratio of the isolator is derived as311

(𝜉)opt =

√√√√√√√√√√√√ 2𝛾4
𝑣 𝜅 − 𝛾5

𝑣 − 10𝛾3
𝑣 𝜅 + 6𝛾4

𝑣 + 14𝛾2
𝑣 𝜅 −𝑄1𝛾

3
2
𝑣 +𝑄2𝛾

3
2
𝑣 − 12𝛾3

𝑣

−6𝛾𝑣𝜅 −
√
𝛾𝑣 𝑄1 + 2𝑄1𝛾𝑣 +𝑄2

√
𝛾𝑣 + 2𝑄2𝛾𝑣 + 10𝛾2

𝑣 − 3𝛾𝑣

8𝛾𝑣
(√

𝛾𝑣 + 1
)2 (2𝜅 − 𝛾𝑣 + 1)2 (√

𝛾𝑣 − 1
)2

𝑄1 =

√︃(√
𝛾𝑣 + 1

)4
𝛾𝑣

(√
𝛾𝑣 − 1

)2 (2𝜅 − 𝛾𝑣 + 1)2

𝑄2 =

√︃(√
𝛾𝑣 + 1

)2
𝛾𝑣

(√
𝛾𝑣 − 1

)4 (2𝜅 − 𝛾𝑣 + 1)2

(35)312

The variations of optimal frequency and damping ratios are 𝐻∞ optimised friction bearings are313

shown in Figure 3 (a) and Figure 3 (b). The optimal frequency ratios are lowered when the isolator314

mass ratio increases. The frequency ratios decrease with a certain range when the amplifier angle315

increases. The amplifier angle varies from 5𝑜 to 15𝑜 as after 12𝑜, the damping ratio crosses 1.0. This316

amount of damping ratio is not economical for construction purposes. To achieve a cost-effective317

robust design from the 𝐻∞ optimised isolator, the amplifier angle should be less than equal to 12𝑜,318

i.e. 𝜃 ≤ 12𝑜. The relationship between the amplifier angle and isolator mass ratio determines the319

optimal frequency and damping ratios.320
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Inerter-based friction bearing321

The governing equations of motion of the single-degree-of-freedom systems isolated by the322

inerter-based friction bearing are derived using Newton’s law and expressed as323

𝑚 ¥𝑤𝑠 + 𝑚 ¥𝑤𝑏 + 𝑐 ¤𝑤𝑠 + 𝑘𝑤𝑠 = −𝑚 ¥𝑤𝑔

𝑚𝑣 ¥𝑤𝑏 + 𝑚𝑢 ¥𝑤𝑏 + 𝑐𝑢 ¤𝑤𝑏 + 𝑘𝑢𝑤𝑏 + 𝜇 (𝑚𝑢 + 𝑚𝑣) 𝑔sgn( ¤𝑤𝑏)

−𝑐 ¤𝑤𝑠 − 𝑘𝑤𝑠 + 𝑘ℎ ( |𝑤𝑏 | − 𝛿) sgn(𝑤𝑏) + 𝑐ℎ ¤𝑤𝑏

= −𝑚𝑣 ¥𝑤𝑔

(36)324

where 𝑤𝑠 and 𝑤𝑏 define the relative displacement of the single-degree-of-freedom system and325

isolator, and 𝛿 defines the relative distance between the adjacent structure and isolator mass. It326

is extremely nonlinear to solve the problem above. Eq. (36) must be linearised to calculate the327

optimal design parameters for inerter-based friction bearing analytically. As a result, for Eq. (36),328

the statistical linearisation approach is used, and the linearised element of the nonlinear element is329

obtained as330

𝑐𝑢𝑒 = 𝐸

{
d(𝜇(𝑚𝑣 + 𝑚𝑢)𝑔sgn( ¤𝑤𝑏))

d ¤𝑤𝑏

}
=

√︂
2
𝜋

𝜇(𝑚𝑣 + 𝑚𝑢)𝑔
𝜎 ¤𝑤𝑏

and 𝑘𝑢𝑒 = 𝐸

{
𝑑 (𝑘ℎ𝛿sgn(𝑤𝑏))

d𝑤𝑏

}
=

√︂
2
𝜋

𝑘ℎ𝛿

𝜎𝑤𝑏

(37)331

After applying Equation (37) to Eq. (36), Eq. (36)’s second expression is changed to332

𝑚𝑣 ¥𝑤𝑏 + 𝑚𝑢 ¥𝑤𝑏 + 𝑐𝑢 ¤𝑤𝑏 + 𝑘𝑢𝑤𝑏 + 𝑐𝑢𝑒 ¤𝑤𝑏

−𝑐 ¤𝑤𝑠 − 𝑘𝑤𝑠 + 𝑘ℎ𝑤𝑏 − 𝑘𝑢𝑒𝑤𝑏 + 𝑐ℎ ¤𝑤𝑏

= −𝑚𝑣 ¥𝑤𝑔 (38)333
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𝑤𝑠 = 𝑊𝑠𝑒
i𝜀𝑡 , 𝑤𝑏 = 𝑊𝑏𝑒

i𝜀𝑡 , and ¥𝑤𝑔 = 𝑊𝑔𝑒
i𝜀𝑡 are the steady-state solutions. After applying the334

steady-state solutions to Eq. (36), the frequency response function may be found as335


2 𝜁 𝜀𝑠 𝑦 + 𝑦2 + 𝜀𝑠

2 𝑦2

−2 𝜁 𝜀𝑠 𝑦 − 𝜀𝑠
2 𝐵22




𝑊𝑠

𝑊𝑏

 = −


1

𝛾𝑣

 𝑊𝑔

𝐵22 =
(𝛾𝑣 + 𝛾𝑢) 𝑦2 + 2 𝜁 𝜀𝑠 𝑦 + 𝑐ue 𝑦 + 2 𝜉 𝜀𝑣 (𝛾𝑣 + 𝛾𝑢) 𝑦

−𝑘ue 𝛿 + 𝜀𝑠
2𝜅 + (𝛾𝑣 + 𝛾𝑢) 𝜀𝑣2

(39)336

where 𝑦 = i𝜀. The dynamic response of the single-degree-of-freedom system is derived as337

𝐻𝑠 (𝑦) =
(
𝑊𝑠

𝑊𝑔

)
(𝑦) =

−2 𝜉 𝜀𝑣 𝑦𝛾𝑢 − 2 𝜉 𝜀𝑣 𝑦𝛾𝑣 − 2 𝜁 𝜀𝑠 𝑦 − 𝜀𝑠
2𝜅

−𝑦2𝛾𝑢 − 𝜀𝑣
2𝛾𝑢 − 𝜀𝑣

2𝛾𝑣 − 𝑐ue 𝑦 + 𝑘ue 𝛿

Φ

(40)338

The dynamic response of the isolator is derived as339

𝐻𝑏 (𝑦) =
(
𝑊𝑏

𝑊𝑔

)
(𝑦) = −2 𝜁 𝑦𝛾𝑣 𝜀𝑠 − 2 𝜁 𝜀𝑠 𝑦 − 𝑦2𝛾𝑣 − 𝛾𝑣 𝜀𝑠

2 − 𝜀𝑠
2

Φ
(41)340

The denominator Φ is derived as341

Φ =

(𝛾𝑣 + 𝛾𝑢) 𝑦4

+
(

2 𝜁 𝜀𝑠 𝛾𝑢 + 2 𝜁 𝜀𝑠 𝛾𝑣 + 2 𝜉 𝜀𝑣 𝛾𝑢 + 2 𝜉 𝜀𝑣 𝛾𝑣 + 4 𝜁 𝜀𝑠 + 𝑐ue

)
𝑦3

+
©­­«

4 𝜁 𝜀𝑠 𝜉 𝜀𝑣 𝛾𝑢 + 4 𝜁 𝜀𝑠 𝜉 𝜀𝑣 𝛾𝑣 + 4 𝜁2𝜀𝑠
2 + 2 𝜁 𝜀𝑠 𝑐ue

+𝜀𝑠2𝜅 + 𝛾𝑢 𝜀𝑠
2 + 𝜀𝑣

2𝛾𝑢 + 𝛾𝑣 𝜀𝑠
2 + 𝜀𝑣

2𝛾𝑣 − 𝑘ue 𝛿 + 𝜀𝑠
2

ª®®¬ 𝑦2

+
©­­«

2 𝜁 𝜅 𝜀𝑠
3 + 2 𝜁 𝛾𝑢 𝜀𝑠 𝜀𝑣

2 + 2 𝜁 𝛾𝑣 𝜀𝑠 𝜀𝑣
2 + 2 𝜉 𝛾𝑢 𝜀𝑠2𝜀𝑣

+2 𝜉 𝛾𝑣 𝜀𝑠2𝜀𝑣 − 2 𝜁 𝛿 𝑘ue 𝜀𝑠 + 2 𝜁 𝜀𝑠
3 + 𝑐ue 𝜀𝑠

2

ª®®¬ 𝑦
+𝜅 𝜀𝑠4 + 𝛾𝑢 𝜀𝑠

2𝜀𝑣
2 + 𝛾𝑣 𝜀𝑠

2𝜀𝑣
2 − 𝛿 𝑘ue 𝜀𝑠

2

(42)342

Equation (40) and Eq. (42) are further applied to derive the exact closed-form expression for343

the optimal design parameters of the inerter-based friction bearing using 𝐻2 and 𝐻∞ optimisation344
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methods. 𝑐𝑢𝑒 and 𝑘𝑢𝑒 define the equivalent damping and stiffness of the isolator and the retaining345

wall. To conduct the analytical optimisation procedure, two initial conditions have been derived,346

i.e. 𝜁 = 0, 𝜎 ¤𝑤𝑏
= 0, and 𝜎𝑤𝑏

= 0. These initial conditions are applied to Eq. (40) and Eq. (42).347

Accordingly, these equations are re-derived and applied for the optimisation procedures.348

𝐻2 optimisation349

Equation (40) and Eq. (42) with the derived initial conditions are applied to perform the 𝐻2350

optimisation procedure. In addition, the random white noise excitation (Roberts and Spanos 2003)351

is loaded at the base of the isolated single-degree-of-freedom system to avail the 𝐻2 optimisation352

method (Chowdhury and Banerjee 2024). Accordingly, the standard deviation of the displacement353

of the single-degree-of-freedom system derives as354

𝜎2
𝑤𝑠

=

𝜋 𝑆0

©­­­­­­­­­­­­«

4 𝜀𝑣2𝜀𝑠
2𝛾𝑢

2𝜉2 + 8 𝜀𝑣2𝜀𝑠
2𝛾𝑣 𝛾𝑢 𝜉

2 + 4 𝜀𝑣2𝜀𝑠
2𝜉2𝛾𝑣

2

+𝜀𝑠4𝜅2 − 2 𝜀𝑠4𝛾𝑢 𝜅 + 2 𝜀𝑣2𝜀𝑠
2𝛾𝑢 𝜅

+2 𝜀𝑣2𝜀𝑠
2𝛾𝑣 𝜅 + 𝜀𝑠

4𝛾𝑢
2 − 2 𝜀𝑣2𝜀𝑠

2𝛾𝑢
2

+𝛾𝑢2𝜀𝑣
4 − 2 𝜀𝑣2𝜀𝑠

2𝛾𝑣 𝛾𝑢 + 2 𝛾𝑢 𝛾𝑣 𝜀𝑣4

+𝛾𝑣2𝜀𝑣
4 + 𝜀𝑠

4𝜅 + 𝜀𝑣
2𝜀𝑠

2𝛾𝑢 + 𝜀𝑣
2𝜀𝑠

2𝛾𝑣

ª®®®®®®®®®®®®¬
2 𝜀𝑣 𝜉 (𝛾𝑣 + 𝛾𝑢) 𝜀𝑠6

(43)355

Eq. (43) has been partially differentiated concerning the damping ratio 𝜉 and frequency 𝜀𝑣 of356

the novel isolators to get the precise closed-form formula for the optimal design parameters.357

Consequently, these optimal design parameters have been obtained by minimising 𝜎2
𝑤𝑠

. This leads358

to359

𝜕𝜎2
𝑤𝑠

𝜕𝜉
= 0 and

𝜕𝜎2
𝑤𝑠

𝜕𝜀𝑣
= 0 (44)360
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The first equation for Eq. (44) now includes Eq. (43). As a result, the optimal damping ratio for361

the new isolators is found to be362

𝜉 =

√√√√√√√√√√√ 2 (𝜅 − 𝛾𝑢 + 1/2) (𝛾𝑢 + 𝛾𝑣) 𝜀𝑣2𝜀𝑠
2 + 𝜀𝑣

4 (𝛾𝑢 + 𝛾𝑣)2

−
(
−𝜅2 + 2 𝜅 𝛾𝑢 − 𝛾𝑢

2 − 𝜅
)
𝜀𝑠

4

4 𝜀𝑠2𝜀𝑣2 (𝛾𝑢 + 𝛾𝑣)2

(45)363

Equation (45) is the optimal damping ratio of the new isolators. This closed-form computation364

contains the frequency of the new isolators 𝜀𝑣, which needs to be separated. To do that, Eq. (43)365

has taken the place of Eq. (45). At now, 𝜎2
𝑤𝑠

is expressed as altered.366

𝜎2
𝑤𝑠

=

2 𝑆0𝜋

©­­­­­«
𝜅2𝜀𝑠

4 − 2 𝜅 𝛾𝑢 𝜀𝑠
4 + 2 𝜅 𝛾𝑢 𝜀𝑠

2𝜀𝑣
2 + 2 𝜅 𝛾𝑣 𝜀𝑠

2𝜀𝑣
2

+𝛾𝑢2𝜀𝑠
4 − 2 𝛾𝑢2𝜀𝑠

2𝜀𝑣
2 + 𝛾𝑢

2𝜀𝑣
4 − 2 𝛾𝑢 𝛾𝑣 𝜀𝑠2𝜀𝑣

2

+2 𝛾𝑢 𝛾𝑣 𝜀𝑣4 + 𝛾𝑣
2𝜀𝑣

4 + 𝜅 𝜀𝑠
4 + 𝛾𝑢 𝜀𝑠

2𝜀𝑣
2 + 𝛾𝑣 𝜀𝑠

2𝜀𝑣
2

ª®®®®®¬
𝐺1𝜀𝑣 (𝛾𝑢 + 𝛾𝑣) 𝜀𝑠6

𝐺1 =

√√√√√√√√√√√ (
𝜅2 − 2 𝜅 𝛾𝑢 + 𝛾𝑢

2 + 𝜅
)
𝜀𝑠

4

+2 𝜀𝑣2 (𝛾𝑢 + 𝛾𝑣) (𝜅 − 𝛾𝑢 + 1/2) 𝜀𝑠2 + 𝜀𝑣
4 (𝛾𝑢 + 𝛾𝑣)2

𝜀𝑠
2𝜀𝑣2 (𝛾𝑢 + 𝛾𝑣)2

(46)367

In the second constraint of Eq. (44), Equation (46) has been incorporated to find the optimal368

frequency value of novel isolators 𝜀𝑣. As a result, the optimal frequency for the new isolators is369

found to be370

(𝜀𝑣)opt =

√
2
√︁
(𝛾𝑢 + 𝛾𝑣) (2 𝜅 − 2 𝛾𝑢 + 1)𝜀𝑠

2 𝛾𝑢 + 2 𝛾𝑣
(47)371

Equation (47) has been substituted in Eq. (45). As a result, the optimal damping ratio for the new372

isolators is found to be373

(𝜉)opt =

√
2
√︃

16 𝛾𝑢2+(−32 𝜅−12)𝛾𝑢+16 𝜅2+16 𝜅+3
(𝛾𝑢+𝛾𝑣) (2 𝜅−2 𝛾𝑢+1)

4
(48)374
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Figure 4 (a) and (b) depict the changes in the optimal frequency and damping ratios in relation375

to the isolator mass ratio of inerter-based friction bearing for various inerter mass ratios. As the376

isolator mass ratio rises, the optimal frequency and damping ratios decrease. As the inerter mass377

ratio rises, the optimal frequency and damping ratios decrease. The displacement response of the378

isolator’s standard deviation has been determined to be379

𝜎2
𝑤𝑏

=

−𝑆0𝜋 (𝛾𝑣 + 1)
©­­­­­«

2 𝜅 𝛾𝑣 𝜀𝑠
4 + 2 𝛾𝑢 𝛾𝑣 𝜀𝑠2𝜀𝑣

2 + 2 𝛾𝑣2𝜀𝑠
2𝜀𝑣

2

−𝛾𝑣 𝜅 𝜀𝑠2 − 𝛾𝑢 𝛾𝑣 𝜀𝑣
2 − 𝛾𝑣

2𝜀𝑣
2 − 𝜅 𝜀𝑠

2

−𝜀𝑣2𝛾𝑢 − 𝜀𝑠
2𝛾𝑣 − 𝛾𝑣 𝜀𝑣

2 − 𝜀𝑠
2

ª®®®®®¬
2 𝜀𝑣 𝜀𝑠2𝜉 (𝛾𝑢 + 𝛾𝑣)

(
𝜅 𝜀𝑠

2 + 𝜀𝑣
2𝛾𝑢 + 𝛾𝑣 𝜀𝑣

2)
(49)380

The velocity response of the isolator’s standard deviation has been determined to be381

𝜎2
¤𝑤𝑏

=

(
𝛾𝑣

2 + 𝛾𝑢 + 𝛾𝑣
)
𝜋 𝑆0

2𝜀𝑣 𝜉 (𝛾𝑢 + 𝛾𝑣)2 (50)382

Further, the optimal design parameters for the inerter-based isolation systems are derived using the383

𝐻∞ optimisation method. The harmonic loading is considered as base excitation for this particular384

purpose.385

𝐻∞ optimisation386

The 𝐻∞ optimisation technique is used with the non-dimensional version of Eq. (39) with387

the initial phase conditions. Furthermore, it has been thought that harmonic base excitation is388

applied to the isolated structure. Thus, the frequency response function’s non-dimensional version389

is obtained and written as390


−𝛼2 + 1 −𝛼2

−1 − (𝛾𝑣 + 𝛾𝑢) 𝛼2 + 2 i𝜉𝛼𝑣 (𝛾𝑣 + 𝛾𝑢) 𝛼 + 𝜅 + (𝛾𝑣 + 𝛾𝑢) 𝛼2
𝑣




𝑊𝑠

𝑊𝑏

 = −


1

𝛾𝑣


𝑊𝑔

𝜀2
𝑠

(51)

391
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The dynamic reaction of the single-degree-of-freedom system is as follows:392

𝐻𝑠 (𝛼) =
(
𝑊𝑠

𝑊𝑔

)
𝜀2
𝑠 =

−𝛼2𝛾𝑢 + 𝛼2
𝑣𝛾𝑢 + 𝛼2

𝑣𝛾𝑣 + 𝜅 + i (2𝜉𝛼𝑣𝛼𝛾𝑢 + 2𝜉𝛼𝑣𝛼𝛾𝑣)
Φ

(52)393

The dynamic response of the isolator is calculated as394

𝐻𝑏 (𝛼) =
(
𝑊𝑏

𝑊𝑔

)
𝜀2
𝑠 =

−𝛼2𝛾𝑣 + 𝛾𝑣 + 1
Φ

(53)395

The denominator of Eq. (52) and Eq. (53) is derived as396

Φ =

−𝛼4𝛾𝑢 − 𝛼4𝛾𝑣 + 𝛼2𝛼2
𝑣𝛾𝑢 + 𝛼2𝛼2

𝑣𝛾𝑣 + 𝛼2𝜅 + 𝛼2𝛾𝑢

+𝛼2𝛾𝑣 − 𝛼2
𝑣𝛾𝑢 − 𝛼2

𝑣𝛾𝑣 + 𝛼2 − 𝜅

+i
(
2𝛼3𝜉𝛼𝑣𝛾𝑢 + 2𝛼3𝜉𝛼𝑣𝛾𝑣 − 2𝜉𝛼𝑣𝛼𝛾𝑢 − 2𝜉𝛼𝑣𝛼𝛾𝑣

) (54)397

The resultant of Eq. (52) is derived to generate constraints for the 𝐻∞ optimization method and398

represented as follows.399

|𝐻𝑠 (𝛼) | =

√√
𝐺2

1 + 𝜉2𝐺2
2

𝐺2
3 + 𝜉2𝐺2

4
=

�����𝐺2
𝐺4

�����
√√√√√√√ 𝐺2

1
𝐺2

2
+ 𝜉2

𝐺2
3

𝐺2
4
+ 𝜉2

(55)400

The fixed-point theory is used to generate two constraints from Eq. (55) and express them as401 �����𝐺1
𝐺2

�����
𝛼 𝑗

=

�����𝐺3
𝐺4

�����
𝛼 𝑗

and

�����𝐺2
𝐺4

�����
𝛼1

=

�����𝐺2
𝐺4

�����
𝛼2

(56)402
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𝐺 𝑗=1,2,3,4 has been derived as403

𝐺1 = −𝛼2𝛾𝑢 + 𝛼2
𝑣𝛾𝑢 + 𝛼2

𝑣𝛾𝑣 + 𝜅,

𝐺2 = 2𝛼𝛼𝑣𝛾𝑢 + 2𝛼𝛼𝑣𝛾𝑣,

𝐺4 = 2𝛼3𝛼𝑣𝛾𝑢 + 2𝛼3𝛼𝑣𝛾𝑣 − 2𝛼𝛼𝑣𝛾𝑢 − 2𝛼𝛼𝑣𝛾𝑣, and

𝐺3 =
−𝛼4𝛾𝑢 − 𝛼4𝛾𝑣 + 𝛼2𝛼2

𝑣𝛾𝑢 + 𝛼2𝛼2
𝑣𝛾𝑣 + 𝛼2

+𝛼2𝜅 + 𝛼2𝛾𝑢 + 𝛼2𝛾𝑣 − 𝛼2
𝑣𝛾𝑢 − 𝛼2

𝑣𝛾𝑣 − 𝜅

(57)404

The first expression of the Eq. (56) substitutes Eq. (57).405

(
2𝛾2

𝑢 + 3𝛾𝑢𝛾𝑣 + 𝛾2
𝑣

)
𝛼4

+
©­­«
−2𝛼2

𝑣𝛾
2
𝑢 − 4𝛼2

𝑣𝛾𝑢𝛾𝑣 − 2𝛼2
𝑣𝛾

2
𝑣 − 2𝜅𝛾𝑢 − 2𝜅𝛾𝑣

−2𝛾2
𝑢 − 3𝛾𝑢𝛾𝑣 − 𝛾2

𝑣 − 𝛾𝑢 − 𝛾𝑣

ª®®¬𝛼2

+2𝛼2
𝑣𝛾

2
𝑢 + 4𝛼2

𝑣𝛾𝑢𝛾𝑣 + 2𝛼2
𝑣𝛾

2
𝑣 + 2𝜅𝛾𝑢 + 2𝜅𝛾𝑣

= 0 (58)406

Equation (58) is written as407

𝛼4 +
(
−𝛼2

1 − 𝛼2
2

)
𝛼2 + 𝛼2

1𝛼
2
2 = 0 (59)408

The summation of the two roots, i.e. 𝛼2
1 + 𝛼2

2, are derived after comparing Eq. (58) and Eq. (59).409

𝛼2
1 + 𝛼2

2 =
(2𝛾𝑢 + 2𝛾𝑣) 𝛼2

𝑣 + 2𝜅 + 2𝛾𝑢 + 𝛾𝑣 + 1
2𝛾𝑢 + 𝛾𝑣

(60)410

Equation (57) is substituted in the second expression of the Eq. (56).411

𝛼2
1 + 𝛼2

2 = 2 (61)412

Equation (60) and Eq. (61) are equating to derive the mathematical expression for the optimal413

natural frequency of the isolator. The real root with the positive value is considered from the414
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derivation to achieve the optimal natural frequency of the isolator.415

(𝛼𝑣)opt =

√
2
√︁
(𝛾𝑢 + 𝛾𝑣) (2𝜅 − 2𝛾𝑢 − 𝛾𝑣 + 1)

2𝛾𝑢 + 2𝛾𝑣
(62)416

Equation (55) is squared and partially differentiated with respect to the damping ratio of the isolator417

to derive its optimal value and the mathematical expression is derived as418

𝜕 |𝐻𝑠 (𝛼) |2
𝜕𝛼2

�����
𝛼2

1,2

= 0 and (𝜉)opt =

√︄
𝜉2

1 + 𝜉2
2

2
(63)419

Applying the first expression of Eq. (63), the optimal damping ratio is derived as420

𝐵1𝜉
4 + 𝐵2𝜉

2 + 𝐵3 = 0,

𝐵1 = −32𝛼4
1,2𝛼

4
𝑣 (𝛾𝑢 + 𝛾𝑣)4

(
𝛼2

1,2 − 1
)
,

𝜉2
1,2 =

−𝐵2 ±
√︃
𝐵2

2 − 4𝐵1𝐵3

2𝐵1

(64)421
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422

𝐵2 =

(
−16𝛼2

𝑣𝛾
4
𝑢 − 56𝛼2

𝑣𝛾
3
𝑢𝛾𝑣 − 76𝛼2

𝑣𝛾
2
𝑢𝛾

2
𝑣 − 48𝛼2

𝑣𝛾𝑢𝛾
3
𝑣 − 12𝛼2

𝑣𝛾
4
𝑣

)
𝛼8

1,2

+
©­­­­­«

32𝛼4
𝑣𝛾

4
𝑢 + 112𝛼4
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𝑣𝛾
2
𝑢𝛾

2
𝑣

−16𝛼2
𝑣𝛾𝑢𝛾

3
𝑣 − 4𝛼2

𝑣𝛾
4
𝑣 − 8𝜅 𝛼2

𝑣𝛾
2
𝑢 − 16𝜅 𝛼2

𝑣𝛾𝑢𝛾𝑣 − 8𝜅 𝛼2
𝑣𝛾

2
𝑣 − 8𝛼2

𝑣𝛾
3
𝑢

−24𝛼2
𝑣𝛾

2
𝑢𝛾𝑣 − 24𝛼2

𝑣𝛾𝑢𝛾
2
𝑣 − 8𝛼2

𝑣𝛾
3
𝑣 − 4𝛼2

𝑣𝛾
2
𝑢 − 8𝛼2

𝑣𝛾𝑢𝛾𝑣 − 4𝛼2
𝑣𝛾

2
𝑣

ª®®®®®®®®®®®®®®®®®®¬

𝛼4
1,2

+
©­­­­­«

16𝛼6
𝑣𝛾

4
𝑢 + 64𝛼6

𝑣𝛾
3
𝑢𝛾𝑣 + 96𝛼6

𝑣𝛾
2
𝑢𝛾

2
𝑣 + 64𝛼6

𝑣𝛾𝑢𝛾
3
𝑣 + 16𝛼6

𝑣𝛾
4
𝑣 + 32𝜅 𝛼4

𝑣𝛾
3
𝑢

+96𝜅 𝛼4
𝑣𝛾

2
𝑢𝛾𝑣 + 96𝜅 𝛼4

𝑣𝛾𝑢𝛾
2
𝑣 + 32𝜅 𝛼4

𝑣𝛾
3
𝑣 + 16𝜅2𝛼2

𝑣𝛾
2
𝑢 + 32𝜅2𝛼2

𝑣𝛾𝑢𝛾𝑣

+16𝜅2𝛼2
𝑣𝛾

2
𝑣

ª®®®®®¬
𝛼2

1,2

(65)423

424

𝐵3 =

−2
(
𝛾𝑢𝛼

2
1,2 + (−𝛾𝑢 − 𝛾𝑣) 𝛼2

𝑣 − 𝜅

)
©­­«
(𝛾𝑢 + 𝛾𝑣) 𝛼4

1,2 +
(
(−𝛾𝑢 − 𝛾𝑣) 𝛼2

𝑣 − 𝜅 − 𝛾𝑢 − 𝛾𝑣 − 1
)
𝛼2

1,2

+ (𝛾𝑢 + 𝛾𝑣) 𝛼2
𝑣 + 𝜅

ª®®¬©­­«
(𝛾𝑢 + 𝛾𝑣) 𝛾𝑢𝛼4

1,2 − 2
(
(𝛾𝑢 + 𝛾𝑣) 𝛼2

𝑣 + 𝜅
)
(𝛾𝑢 + 𝛾𝑣) 𝛼2

1,2

+
(
(𝛾𝑢 + 𝛾𝑣) 𝛼2

𝑣 + 𝜅
) (
(𝛾𝑢 + 𝛾𝑣) 𝛼2

𝑣 + 𝜅 + 𝛾𝑣 + 1
) ª®®¬

(66)425

where the individual roots of the Eq. (58) are 𝛼2
1 and 𝛼2

2. Before obtaining the precise closed-form426

equation for each root, that is, 𝛼2
1 and 𝛼2

2, the value of 𝛼2
1 +𝛼

2
2 from Eq. (61) has been substituted in427

Eq. (58). Consequently, the precise closed-form expressions for 𝛼2
1 and 𝛼2

2 are obtained as follows:428

𝛼2
1,2 =

2𝛾𝑢 + 𝛾𝑣 ±

√√√√√√ −4𝛼2
𝑣𝛾

2
𝑢 − 6𝛼2

𝑣𝛾𝑢𝛾𝑣 − 2𝛼2
𝑣𝛾

2
𝑣 − 4𝜅𝛾𝑢

−2𝜅𝛾𝑣 + 4𝛾2
𝑢 + 4𝛾𝑢𝛾𝑣 + 𝛾2

𝑣

2𝛾𝑢 + 𝛾𝑣

(67)429
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To find the optimal closed-form solutions for Eq. (67), Equation (62) is substituted in Eq. (67).430

(
𝛼1,2

)2
opt =

2𝛾𝑢 + 𝛾𝑣 ±
√︁
−8𝛾𝑢𝜅 − 4𝛾𝑣𝜅 + 8𝛾2

𝑢 + 8𝛾𝑢𝛾𝑣 + 2𝛾2
𝑣 − 2𝛾𝑢 − 𝛾𝑣

2𝛾𝑢 + 𝛾𝑣
(68)431

Equation (62) and Eq. (68) are substituted in Eq. (64). Accordingly, the optimal damping ratio of432

the inerter-based friction bearing has been derived.433

The variations of optimal frequency and damping ratios are 𝐻∞ optimised friction bearings434

are shown in Figure 5 (a) and Figure 5 (b). The optimal frequency ratios are lowered when the435

isolator mass ratio increases. The frequency ratios decrease with a certain range when the amplifier436

angle increases. The amplifier angle varies from 5𝑜 to 15𝑜 as after 12𝑜, the damping ratio crosses437

1.0. This amount of damping ratio is not economical for construction purposes. To achieve a438

cost-effective robust design from the 𝐻∞ optimised isolator, the amplifier angle should be less than439

equal to 12𝑜, i.e. 𝜃 ≤ 12𝑜. The relationship between the amplifier angle and isolator mass ratio440

determines the optimal frequency and damping ratios. the line graph is adopted to determine the441

damping ratio variations with respect to the different values of the isolator mass ratio and stiffness442

ratio. The effect of the stiffness ratio on the optimal damping ratio of the inerter-based friction443

bearing is presented in this graph.444

DYNAMIC RESPONSE EVALUATION445

The optimal dynamic responses of the isolated single-degree-of-freedom systems are deter-446

mined in frequency and time domain. The frequency domain analysis is performed by considering447

harmonic excitation and random white-noise excitation. For random white-noise excitation, the448

Clough-Penzien power spectrum (Lin et al. 1989), which is a modified version of the Kanai-Tajimi449

spectrum is considered.450

Frequency domain results451

The optimal dynamic responses of the single-degree-of-freedom systems isolated by the 𝐻2 and452

𝐻∞ optimised inertial amplifier friction bearings and inerter-based friction bearings are obtained453

using the above-derived frequency response functions. First, the fixed points of the frequency454
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regions of the two optimum novel isolators are derived. Later, the optimal dynamic responses of455

the single-degree-of-freedom systems isolated by the optimum novel isolators are compared with456

the optimum conventional base isolator-controlled single-degree-of-freedom system’s dynamic457

responses.458

The differences between the optimal dynamic responses of the single-degree-of-freedom system459

isolated by𝐻2 optimised inertial amplifier friction bearing have been obtained and shown in Figure 6460

(a). The frequency response function of the single-degree-of-freedom system is the function of461

the frequency ratio and damping ratio of the isolator. The optimal frequency (i.e., Eq. (14)) and462

damping ratios (i.e., Eq. (16)) are involved to obtain this graph. The isolated single-degree-of-463

freedom system oscillates in their Eigen frequencies at 𝜉 = 0 while the response peaks are shifted464

from Eigen frequencies at 𝜉 > 0. The Eigen frequency points are 𝛼 = 0.41 and 𝛼 = 1.23. The465

maximum displacement of the single-degree-of-freedom system is optimally minimised at 𝛼 = 0.4466

and 𝛼 = 1.2. The response peaks are merged into one and oscillate as a single-degree-of-freedom467

system when 𝜉 = ∞. The frequency point is derived at 𝛼 = 1. Figure 6 (b) illustrates the variations468

between the optimal structural dynamic responses of the single-degree-of-freedom system isolated469

by 𝐻2 optimised inerter-based friction bearing and the frequency ratio when the isolators have470

different damping ratios. To get this number, optimal frequency (i.e., Eq. (47)) and damping ratios471

(i.e., Eq. (48)) are needed. While the response peaks are moved from Eigen frequencies at 𝜉 > 0,472

the isolated single-degree-of-freedom system oscillates in their Eigen frequencies at 𝜉 = 0. The473

values of 𝛼 = 0.4773 and 𝛼 = 1.562 is the Eigen frequency points. At 𝛼 = 0.4712 and 𝛼 = 1.441,474

the maximum displacement of the single-degree-of-freedom system is optimally reduced. When475

𝜉 = ∞, the response peaks combine into a single peak and oscillate as a single-degree-of-freedom476

system. At 𝛼 = 1, the frequency point is calculated.477

The differences between the optimal dynamic responses of the single-degree-of-freedom system478

isolated by 𝐻∞ optimised inertial amplifier friction bearing have been obtained and shown in479

Figure 7 (a). The frequency response function of the single-degree-of-freedom system is the480

function of the frequency ratio and damping ratio of the isolator. The optimal frequency (i.e.,481
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Eq. (30)) and damping ratios (i.e., Eq. (32)) are involved to obtain this graph. The isolated482

single-degree-of-freedom system oscillates in their Eigen frequencies at 𝜉 = 0 while the response483

peaks are shifted from Eigen frequencies at 𝜉 > 0. The Eigen frequency points are 𝛼 = 0.4348484

and 𝛼 = 1.234. The maximum displacement of the single-degree-of-freedom system is optimally485

minimised at 𝛼 = 0.4217 and 𝛼 = 1.185, i.e. the resonating frequency points. The response486

peaks are merged into one and oscillate as an single-degree-of-freedom system when 𝜉 = ∞. The487

frequency point is derived at 𝛼 = 1. Figure 7 (b) illustrates the variations between the optimal488

structural dynamic responses of the single-degree-of-freedom system isolated by 𝐻∞ optimised489

inerter-based friction bearing and the frequency ratio when the isolators have different damping490

ratios. To get this number, the optimal frequency (i.e., Eq. (62)) and damping ratios (i.e., Eq. (64))491

are needed. While the response peaks are moved from Eigen frequencies at 𝜉 > 0, the isolated492

single-degree-of-freedom system oscillates in their Eigen frequencies at 𝜉 = 0. The values of493

𝛼 = 0.2262 and 𝛼 = 1.473 are the Eigen frequency points. At 𝛼 = 1.550 and 𝛼 = 1.443, i.e. the494

resonating frequency points, the maximum displacement of the single-degree-of-freedom system495

is optimally reduced. When 𝜉 = ∞, the response peaks combine into a single peak and oscillate as496

a single-degree-of-freedom system. At 𝛼 = 1, the frequency point is calculated.497

The optimal displacements of the single-degree-of-freedom system isolated by the 𝐻2 and 𝐻∞498

optimised inertial amplifier friction bearing and inerter-based friction bearing have been obtained499

using the above-derived frequency response functions and shown in Figure 8 (a) and Figure 8 (b).500

The optimal system parameters of all 𝐻2 optimised isolators and single-degree-of-freedom systems501

are listed in Table 1 and Table 2. The optimal system parameters of all 𝐻∞ optimised isolators are502

listed in Table 3. According to Figure 8 (a), the maximum displacement of uncontrolled structure is503

obtained as 25. The maximum displacements of the single-degree-of-freedom system isolated by504

the conventional base isolator, inertial amplifier friction bearing, and inerter-based friction bearing505

are derived as 11.08, 2.1, and 1.98. Using these derived data, the dynamic response reduction506

capacity of each novel bearing is derived with respect to the conventional base isolator, and the507
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mathematical expression is derived as508

𝑊
inertial amplifier
𝑑𝑟

(%) =
(
(𝐻𝑠)max

conventional base isolator − (𝐻𝑠)max
inertial amplifier friction bearing

(𝐻𝑠)max
conventional base isolator

)
× 100 (69)509

510

𝑊 inerter
𝑑𝑟 (%) =

(
(𝐻𝑠)max

conventional base isolator − (𝐻𝑠)max
inerter− based friction bearing

(𝐻𝑠)max
conventional base isolator

)
× 100 (70)511

where (𝐻𝑠)max
conventional base isolator : Maximum displacement of single-degree-of-freedom system iso-512

lated by conventional base isolator. (𝐻𝑠)max
inertial amplifier friction bearing : Maximum displacement of513

single-degree-of-freedom system isolated by inertial amplifier friction bearing. (𝐻𝑠)max
inerter− based friction bearing514

: Maximum displacement of single-degree-of-freedom system isolated by inerter-based friction515

bearing. The maximum displacements are substituted in Eq. (69) and Eq. (70). As a result, the516

inerter-based friction bearing and inertial amplifier friction bearing are significantly 82.13 % and517

81.05 % superior to the conventional base isolators. Now, the vibration reduction capacities of518

𝐻∞ optimised novel bearings are derived. According to Figure 8 (b), the maximum displacement519

of uncontrolled structure is obtained as 25. The maximum displacements of the single-degree-of-520

freedom system isolated by the conventional base isolator, inertial amplifier friction bearing, and521

inerter-based friction bearing are derived as 7.78, 1.93, and 1.48. The maximum displacements522

are substituted in Eq. (69) and Eq. (70). As a result, the inerter-based friction bearing and inertial523

amplifier friction bearing are significantly 80.98 % and 75.19 % superior to the conventional base524

isolators.525

A white noise base excitation has been taken into consideration when developing the strategy526

described in this section. Therefore, additional investigations are carried out to prove the reliability527

of the recommended approach in a larger class of seismic excitation scenarios. The Clough-Penzien528

power spectrum, a modified version of the widely used Kanai-Tajimi spectrum, may be employed529

as the ground acceleration for this study in order to accomplish this goal. The one-sided PSD that530
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is present in the process sets it apart.531

𝑊 ¥𝑤𝑔
= 𝑆0

𝜔4
ℎ
+ 4𝜁2

ℎ
𝜔2

ℎ
𝜔2(

𝜔2
ℎ
− 𝜔2

)2
+ 4𝜁2

ℎ
𝜔2

ℎ
𝜔2

𝜔4(
𝜔2
𝑔 − 𝜔2)2 + 4𝜁2

𝑔𝜔
2
𝑔𝜔

2
(71)532

where the constant power spectral density for random white noise excitation is defined by 𝑆0.533

The well-known Kanai-Tajimi model’s filter parameters are 𝜔ℎ and 𝜁ℎ, respectively, the natural534

frequency and damping capacity of the soil layer. A second filter that uses the parameters 𝜔𝑔535

and 𝜁𝑔 provides a limited power output for the ground displacement. As 𝜔𝑔 ≪ 𝜔ℎ, the second536

quotient approaches unity very quickly, therefore the second filter only impacts the very low range537

frequencies. The filter parameter values are obtained from (Kiureghian and Neuenhofer 1992) to538

investigate sites with soils classed as firm, medium, and soft. In this study, the medium soil is539

considered. The variations of optimal structural displacement of single-degree-of-freedom system540

isolated by 𝐻2 and 𝐻∞ optimised inertial amplifier friction bearings, inerter-based friction bearings,541

and the optimum conventional base isolators versus frequency ratio have been shown in Figure 9542

(a) and Figure 9 (b). According to the Figure 9 (a), the maximum displacement of uncontrolled543

structure is obtained as 4.7535 × 107 dB/Hz. The maximum displacements of the single-degree-544

of-freedom system isolated by the conventional base isolator, inertial amplifier friction bearing,545

and inerter-based friction bearing are derived as 3.3095 × 107 dB/Hz, 1.1181 × 106 dB/Hz, and546

9.3918 × 105 dB/Hz. The maximum displacements are substituted in Eq. (69) and Eq. (70). As547

a result, the inerter-based friction bearing and inertial amplifier friction bearing are significantly548

97.16 % and 96.62 % superior to the conventional base isolators. According to the Figure 9549

(b), the maximum displacement of uncontrolled structure is obtained as 4.7535 × 107 dB/Hz.550

The maximum displacements of the single-degree-of-freedom system isolated by the conventional551

base isolator, inertial amplifier friction bearing, and inerter-based friction bearing are derived as552

1.3780× 107 dB/Hz, 9.5974× 105 dB/Hz, and 5.3142× 105 dB/Hz. The maximum displacements553

are substituted in Eq. (69) and Eq. (70). As a result, the inerter-based friction bearing and inertial554

amplifier friction bearing are significantly 96.14 % and 93.03 % superior to the conventional base555
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isolators.556

Time domain results557

The optimal design parameters of the optimum friction bearings are obtained precisely in closed558

form using the optimization techniques of 𝐻2 and 𝐻∞. Following the application of these optimal559

design parameters, the optimal dynamic responses of the controlled single-degree-of-freedom560

systems have already been determined using the frequency domain. Now, a numerical study is561

also used to validate the proposed approaches. The Newmark-beta method is used to determine562

the nonlinear time history findings. The near-field earthquake records are considered for this time563

history analysis. The mass of the main structure, 𝑚 = 3000 tons, is indicated. The structure’s564

time interval is expressed as 𝑇 = 0.5 sec. The time period of the structure, 𝜀𝑠 = 2𝜋/𝑇 , is used to565

calculate the natural frequency of the structure. 𝜁 = 0.02 is the expected viscous damping ratio of566

the single-degree-of-freedom systems. Table 4 has a detailed list of the characteristics related to567

near-field earthquake recordings with pulses. Figure 10 displays the response spectra of the near568

field earthquake recordings with pulses, accounting for a 5% damping factor. Compared to far-field569

earthquakes, the near field without pulses, the near field earthquakes with pulses a greater risk to the570

structures. Therefore, near-field earthquake recordings that contain pulses with a specific vertical571

component are used in the numerical analysis to determine each damper’s vibration reduction572

capabilities. Using this data, the dynamic responses of the uncontrolled and isolated single-degree-573

of-freedom systems are derived. The design parameters of the bearings are listed in Table 1. The574

optimal dynamic response histories of the single-DOF systems isolated by the optimum inertial575

amplifier friction bearing, inerter-based friction bearing, and conventional base isolator during576

Loma Prieta earthquake base excitation varied over time are derived and graphically presented in577

Figure 11. According to the Figure 11 (a), the maximum dynamic response of the uncontrolled578

single-degree-of-freedom system is obtained as 0.0047 m. The maximum dynamic responses579

of the single-degree-of-freedom systems isolated by conventional base isolator, inertial amplifier580

friction, and inerter-based friction bearing are obtained as 0.0028 m, 0.0020 m, and 0.0020 m.581

The maximum displacements are substituted in Eq. (69) and Eq. (70). As a result, the dynamic582
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response reduction capacities of the inerter-based friction bearings and inertial amplifier friction583

bearings are significantly 28.94 % and 29.43 % superior to the conventional base isolators. Now, the584

effective natural period of the base-isolated buildings is considered 2 secs, 3 secs, and 4 secs. The585

graphical representation of the displacement response graphs for longer natural periods are shown586

in Figure 11 (b), Figure 11 (c), and Figure 11 (d). They are typically rather flexible and this is why587

they are commonly regarded as vulnerable to pulse-like earthquakes. Thus, structural performance588

for longer natural periods has been considered here for further performance assessment of each589

novel isolator. According to the Figure 11 (b), the maximum dynamic response of the uncontrolled590

single-degree-of-freedom system is obtained as 0.0239 m. The maximum dynamic responses591

of the single-degree-of-freedom systems isolated by conventional base isolator, inertial amplifier592

friction, and inerter-based friction bearing are obtained as 0.0114 m, 0.0090 m, and 0.0078 m.593

As a result, the dynamic response reduction capacities of the inerter-based friction bearings and594

inertial amplifier friction bearings are significantly 21 % and 32.09 % superior to the conventional595

base isolators. According to the Figure 11 (c), the maximum dynamic response of the uncontrolled596

single-degree-of-freedom system is obtained as 0.0243 m. The maximum dynamic responses597

of the single-degree-of-freedom systems isolated by conventional base isolator, inertial amplifier598

friction, and inerter-based friction bearing are obtained as 0.0194 m, 0.0098 m, and 0.0121 m. As a599

result, the dynamic response reduction capacities of the inerter-based friction bearings and inertial600

amplifier friction bearings are significantly 49.81 % and 37.97 % superior to the conventional base601

isolators. According to the Figure 11 (d), the maximum dynamic response of the uncontrolled602

single-degree-of-freedom system is obtained as 0.0351 m. The maximum dynamic responses603

of the single-degree-of-freedom systems isolated by conventional base isolator, inertial amplifier604

friction, and inerter-based friction bearing are obtained as 0.0193 m, 0.0105 m, and 0.0117 m. As a605

result, the dynamic response reduction capacities of the inerter-based friction bearings and inertial606

amplifier friction bearings are significantly 45.64 % and 39.32 % superior to the conventional base607

isolators. The dynamic response histories are further evaluated for other considered earthquakes.608

The maximum dynamic responses are listed in Table 5. According to the Table 5, the dynamic609
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response reduction capacities of the inerter-based friction bearings and inertial amplifier friction610

bearings are significantly 36.29 % and 37.73 % superior to the conventional base isolators. The611

optimal acceleration response histories of the single-degree-of-freedom systems isolated by the612

optimum conventional base isolator, inertial amplifier friction bearing, and inerter-based friction613

bearing subjected to Loma Prieta earthquake base excitation have been shown in Figure 12.614

According to the Figure 12, the maximum acceleration response of the uncontrolled single-degree-615

of-freedom system is obtained as 0.3974 𝑚/𝑠2. The maximum acceleration responses of the616

single-degree-of-freedom systems isolated by conventional base isolator, inertial amplifier friction,617

and inerter-based friction bearing are obtained as 0.1493 𝑚/𝑠2, 0.0955 𝑚/𝑠2, and 0.1426 𝑚/𝑠2. As618

a result, the acceleration response reduction capacities of the inerter-based friction bearings and619

inertial amplifier friction bearings are significantly 36.03 % and 4.51 % superior to the conventional620

base isolators.621

SUMMARY AND CONCLUSIONS622

Conventional friction bearings have limitations in managing structural vibration. To overcome623

these limits and improve their seismic performance, inertial amplifiers, and inerters are added to624

the core material of traditional friction bearings. As a result, this study introduces two types of625

enhanced friction bearings: inertial amplifier friction bearings and inerter-based friction bearings.626

These enhanced friction bearings are positioned at the base of single and multi-story buildings,627

alongside an adjacent retaining wall. The influence of the building on the retaining wall is examined.628

The governing equations of motion for isolated structures, including impacts, are determined using629

Newton’s second law. The "signum" function formulates the impact in order to obtain analytically630

optimal closed-form solutions for the design parameters of these enhanced base isolators. The 𝐻2631

and 𝐻∞ optimization methods are used to provide the precise closed-form formula for the optimal632

design parameters. To use the 𝐻2 optimization approach, the statistical linearisation method is used633

to linearise each nonlinear element of the governing equations of motion.634

• According to parametric research, the optimal frequency and damping ratios drop with635
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increasing isolator mass ratio, increase with increasing amplifier angle, and decrease with636

increasing isolator mass ratio.637

Developing transfer functions is the initial step in acquiring dynamic reactions from isolated638

structures. Furthermore, the Newmark-beta method is used to confirm the frequency domain639

analysis results as well as the dynamic response histories acquired for the isolated single-degree-of640

freedom systems.641

• The results show that the inerter-based friction bearing and inertial amplifier friction bearing642

have much higher dynamic response reduction capacities (97.16 % and 96.62 %) compared643

to conventional base isolators.644

The novelty of this study lies in the introduction of newly developed friction bearings, such as645

inertial amplifier friction bearings and inerter-based friction bearings, and the exact closed-form646

expressions of their optimal design parameters. All results are mathematically developed and647

accurate, making them suitable for practical applications. In addition, theoretically, any answer648

is valid and may be applied to other problems in the future, such as vibration control of multiple649

degrees of freedom systems (i.e., conceptualised model of high-rise buildings) and vibration control650

of nonlinear dynamic systems.651
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TABLE 1. The optimal system parameters for 𝐻2 optimised isolators.

System Proposed by 𝐻2 optimization
𝛼𝑣 𝜉

Inertial amplifier friction bearing This study 0.4829 0.4302
Inerter-based friction bearing This study 0.7071 0.6383
Conventional base isolator Kelly and Beucke (Kelly and Beucke 1983) 0.64 0.056

Conventional base isolator: base mass ratio (𝜇𝐵) = 0.9; inertial amplifier friction bearing: isolator mass
ratio (𝜇𝑖𝑣) = 0.70, amplifier mass ratio (𝜇𝑟 = 0.1), and inertial angle = 10𝑜; inerter-based friction bearing:
isolator mass ratio (𝜇𝑣) = 0.80, inerter mass ratio (𝜇𝑢) = 0.10, Mass ratio: 𝜇𝐵 = 𝜇𝑖𝑣 + 2𝜇𝑟 = 𝜇𝑣 + 𝜇𝑢 = 0.9.
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TABLE 2. The system parameters of single-degree-of-freedom system (uncontrolled and controlled
single-degree-of-freedom systems).

Name Symbol Values
Damping ratio 𝜁 0.02
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TABLE 3. The optimal system parameters for 𝐻∞ optimised isolators.

System Proposed by 𝐻∞ optimization
𝛼𝑣 𝜉

Inertial amplifier friction bearing This study 0.516496 0.512315
Inerter-based friction bearing This study 0.235702 0.962788
Conventional base isolator Constantinou et al. (Constantinou et al. 1990) 0.25 0.05

Conventional base isolator: base mass ratio (𝜇𝐵) = 0.9; inertial amplifier friction bearing: isolator mass
ratio (𝜇𝑖𝑣) = 0.70, amplifier mass ratio (𝜇𝑟 = 0.1), and inertial angle = 10𝑜; inerter-based friction bearing:
isolator mass ratio (𝜇𝑣) = 0.80, inerter mass ratio (𝜇𝑢) = 0.10, Mass ratio: 𝜇𝐵 = 𝜇𝑖𝑣 + 2𝜇𝑟 = 𝜇𝑣 + 𝜇𝑢 = 0.9.
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TABLE 4. The details of near-field seismic records with pulses (https://peer.berkeley.edu/peer-
strong-ground-motion-databases).

Earthquake Year 𝑀𝑤 Recording station 𝑉𝑠30(m/s) Component 𝐸𝑠 (km) PGA,g
Irpinia, Italy-01 1980 6.9 Sturno 1000 MUL009 30.4 0.31
Superstition Hills-02 1987 6.5 Parachute Test Site 349 SUPERST 16.0 0.42
Loma Prieta 1989 6.9 LOMAP 371 HEC000 27.2 0.38
Erzican, Turkey 1992 6.7 Erzincan 11 275 ERZIKAN 9.0 0.49
Cape Mendocino 1992 7.0 CAPEMEND 713 NIS090 4.5 0.63
Landers 1992 7.3 Lucerne 685 LANDERS 44.0 0.79
Northridge-01 1994 6.7 Rinaldi Receiving Sta 282 NORTHR 10.9 0.87
Kocaeli, Turkey 1999 7.5 Izmit 811 KOCAELI 5.3 0.22
Chi-Chi, Taiwan 1999 7.6 TCU065 306 CHICHI 26.7 0.82
Chi-Chi, Taiwan 1999 7.6 TCU102 714 CHICHI 45.6 0.29
Duzce, Turkey 1999 7.1 Duzce 276 DUZCE 1.6 0.52
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TABLE 5. The study investigates the maximum dynamic responses of uncontrolled and isolated
single-degrees-of-freedom systems subjected to near-field earthquake recordings with pulses. The
maximum dynamic responses are substituted in Eq. (69) and Eq. (70) to obtain the optimal dynamic
response reduction capacity of inertial amplifier friction bearing and inerter-based friction bearing
with respect to the conventional base isolator.

Earthquake 𝐻𝑚𝑎𝑥
𝑠 (m) 𝑊𝑑𝑟 (%)

Uncontrolled Conventional
base isolator

Inertial amplifier
friction bearing

Inerter-based
friction bearing

Inertial amplifier
friction bearing

Inerter-based
friction bearing

Irpinia, Italy-01 0.0055 0.0038 0.0021 0.0022 43.87 42.53
Superstition Hills-02 0.0067 0.0057 0.0038 0.0034 33.52 40.70
Loma Prieta 0.0047 0.0028 0.0020 0.0020 28.94 29.43
Erzican, Turkey 0.0063 0.0031 0.0021 0.0023 31.71 25.37
Cape Mendocino 0.0094 0.0088 0.0045 0.0047 49.60 46.72
Landers 0.0045 0.0034 0.0024 0.0024 30.54 28.95
Northridge-01 0.0063 0.0034 0.0027 0.0026 19.66 25.30
Kocaeli, Turkey 0.0031 0.0022 0.0012 0.0012 47.72 46.21
Chi-Chi, Taiwan 0.0088 0.0071 0.0039 0.0038 45.20 46.44
Chi-Chi, Taiwan 0.0052 0.0035 0.0027 0.0025 22.55 26.90
Duzce, Turkey 0.0081 0.0065 0.0035 0.0028 45.95 56.48
Average 0.006236 0.004573 0.002809 0.002718 36.29636 37.73
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wall�
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wall�

(a) (b) (c)

Fig. 1. Two single-degree-of-freedom systems with an adjacent structure (retaining wall) are
isolated by (a) inertial amplifier friction bearing and (b) inerter-based friction bearing subjected to
base excitation. (c) The schematic diagram of the retaining wall.
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(a) (b)Optimal frequency ratio (�v) Optimal damping ratio (ξ)

Fig. 2. The contour plots of optimal (a) frequency ratio (𝛼𝑣) and (b) damping ratio (𝜉) of the isolator
for different values of isolator mass ratio (𝛾𝑖𝑣) ∈ [0.1, 0.9] and amplifier angle (𝜃) ∈ [5𝑜, 30𝑜].
The optimal frequency and damping ratios are the function of the isolator mass ratio and amplifier
angle.
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(a) (b)Optimal frequency ratio (�v) Optimal damping ratio (ξ)

Fig. 3. For various values of the amplifier angle (𝜃) ∈ [5𝑜, 20𝑜] and the isolator mass ratio
(𝛾𝑖𝑣) ∈ [0.5, 1], the contour plots of the optimal (a) frequency ratio (𝛼𝑣) and (b) damping ratio (𝜉)
of the isolator are presented. Specifically, the amplifier angle varies from 5𝑜 to 15𝑜 as after 12𝑜,
the damping ratio crosses 1.0. This amount of damping ratio is not economical for construction
purposes. To achieve a cost-effective robust design from the 𝐻∞ optimised isolator, the amplifier
angle should be less than equal to 12𝑜, i.e. 𝜃 ≤ 12𝑜. The relationship between the amplifier angle
and isolator mass ratio determines the optimal frequency and damping ratios.
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(a) (b)Optimal frequency ratio (�v) Optimal damping ratio (ξ)

Fig. 4. The variations of the optimal (a) frequency ratio (𝛼𝑣) and (b) damping ratio (𝜉) of the isolator
for different values of isolator mass ratio (𝛾𝑣) ∈ [0.1, 0.9] and inerter mass ratio (𝛾𝑢) ∈ [0.1, 0.5]
are shown in this contour graph. The optimal frequency and damping ratios are the function of the
isolator mass ratio and inerter mass ratio.
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Optimal frequency ratio (�v)(a) (b)

Fig. 5. (a) For various values of the inerter mass ratio (𝛾𝑢) ∈ [0.1, 0.5] and the isolator mass
ratio (𝛾𝑣) ∈ [0.1, 0.9], the contour plots of the optimal frequency ratio (𝛼𝑣) of the inerter-based
friction bearing are presented. The nature of the contour graphs are same. Therefore, (b) the line
graph is adopted to determine the damping ratio variations with respect to the different values of
isolator mass ratio and stiffness ratio. The effect of stiffness ratio on the optimal damping ratio of
the inerter-based friction bearing is presented in this graph.
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Fig. 6. The variations of optimal structural displacement of single-degree-of-freedom system
isolated by the 𝐻2 optimised (a) inertial amplifier friction bearing and (b) inerter-based friction
bearing versus frequency ratio with the presence of different damping ratios of isolators. The
damping ratio of the single-degree-of-freedom system is considered zero, i.e. 𝜁 = 0.
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(a) (b)

Fig. 7. The variations of optimal structural displacement of single-degree-of-freedom system
isolated by the 𝐻∞ optimised (a) inertial amplifier friction bearing and (b) inerter-based friction
bearing versus frequency ratio with the presence of different damping ratios of isolators. The
damping ratio of the single-degree-of-freedom system is considered zero, i.e. 𝜁 = 0.
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(a) (b)

Fig. 8. The variations of optimal structural displacement of single-degree-of-freedom system
isolated by (a) 𝐻2 and (b) 𝐻∞ optimised inertial amplifier friction bearing and inerter-based
friction bearing versus frequency ratio. The damping ratio of the single-degree-of-freedom system
is considered zero, i.e. 𝜁 = 0.02.
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(a) (b)

Fig. 9. Differences in the optimal structural displacement of a system with a single-degree-of-
freedom isolated by (a) 𝐻2 and (b) 𝐻∞ optimised inertial amplifier friction bearing and inerter-
based friction bearing concerning frequency ratio. The optimum conventional base isolators are
considered for this study. The optimal design parameters for all optimum isolators are listed in
Table 1 and Table 3. The damping ratio of the single-degree-of-freedom system is considered zero,
i.e. 𝜁 = 0.02.
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Fig. 10. The response spectra of the near field earthquake recordings with pulses, using a damping
factor of 5%.
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Fig. 11. The optimal dynamic response histories of the single-degree-of-freedom systems isolated
by the optimum conventional base isolator, inertial amplifier friction bearing, and inerter-based
friction bearing subjected to Loma Prieta earthquake base excitation for the natural period of (a)
0.5 secs, (b) 2 secs, (c) 3 secs, and (d) 4 secs.
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Fig. 12. The optimal acceleration response histories of the single-degree-of-freedom systems
isolated by the optimum conventional base isolator, inertial amplifier friction bearing, and inerter-
based friction bearing subjected to Loma Prieta earthquake base excitation.
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