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Abstract6

The nonlinear negative stiffness inertial amplifier base isolators (NNSIABI) for vibration
reduction of dynamic systems are introduced in this paper. H2 and H∞ optimization
methods are applied to derive the exact closed-form expressions for the optimal design
parameters of novel isolators. For SDOF system, the dynamic response reduction capacity
of H2 and H∞ optimized linear NSIABI are significantly 64.78 % and 77.14 % superior
to the optimum traditional base isolators. In contrast, the dynamic response reduction
capacities ofH2 andH∞-optimized nonlinear NNSIABI are significantly 64.66 % and 66.56
% superior to the optimum traditional base isolators. For MDOF systems, the optimum
linear NSIABI’s dynamic response reduction capacities are significantly 95.06 % and 97.80
%, superior to the optimum traditional base isolators. In addition, the optimum nonlinear
NNSIABI are significantly 94.88 % and 97.68 %, superior to the traditional base isolators.
All the results are mathematically corrected and applicable for practical applications.

Keywords: Linear and nonlinear negative stiffness inertial amplifier base isolators,7

NSIABI, NNSIABI, Exact closed-form, H2 and H∞ optimization methods, SDOF and8

MDOF systems.9

1. Introduction10

The base isolation mechanisms were first invented in 1870 by Touaillon Touaillon11

(1870) and then applied to different structures, such as vehicle suspension Bai et al.12

(2017); Lindberg et al. (2014) to liquid storage tanks Abalı and Uckan (2010); Cheng et al.13

(2017), buildings Furinghetti et al. (2020, 2019, 2021); Mazza (2019); Sierra et al. (2019),14

bridges Sheng et al. (2022); Tubaldi et al. (2018), and aircraft landing gear Han et al.15

(2019); de Haro Moraes et al. (2018), for dynamic response mitigation of them Aly and16

Salem (2013); Du et al. (2011); Ebrahimi et al. (2011); Ong et al. (2017); Wei et al. (2011)17

subjected to the vibration. The base isolation mitigates the maximum dynamic responses18

of the isolated structures Ahmad et al. (2009); Hwang and Chiou (1996); Kazeminezhad19

et al. (2020). Apart from the linear base isolators, the nonlinear base isolators Nguyen20

et al. (2022), such as new zealand bearing Buckle (1985), a lead rubber bearing Robinson21

(1982), a resilient friction base isolator Jangid (2005a), a friction-pendulum system Jangid22

(2005b), a pure-friction system Shakib and Fuladgar (2003); Xi et al. (2022) are also23
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applied to the structure to control their dynamic responses Toygar et al. (2022); Zhang24

et al. (2019b).25

The optimal system parameters, such as the isolators’ natural frequency and damping26

ratio, must be determined before installing them to the structures. Therefore, to de-27

rive them mathematically in terms of closed-form expressions, H2 and H∞ optimization28

methods are applied. H2 optimization methods Li et al. (2023) are applied to derive the29

exact closed-form expressions for the optimal design parameters of the natural frequency30

and damping ratio of isolators subjected to random-white noise excitations Asami et al.31

(2002); Baduidana and Kenfack-Jiotsa (2021); Čakmak et al. (2021); Cheng et al. (2020);32

Crandall and Mark (2014); Hu and Chen (2015); Palazzo and Petti (1999); Qian et al.33

(2019a); Roberts and Spanos (2003); Sun et al. (2019). The maximum standard deviation34

of the structural dynamic responses are reduced using H2-optimized isolators. H∞ opti-35

mization method applies for harmonic excitation to derive exact closed-form expressions36

for optimal design parameters of isolators Allen (2012); Cheung and Wong (2011); Chun37

et al. (2015); Den Hartog (1985); Hua et al. (2018). The maximum dynamic response of38

isolated structures are reduced using H∞-optimized isolators Chowdhury and Banerjee39

(2022); Peng et al. (2021).40

The dynamic response reduction capacity of isolators are increased using effective mass41

amplification, negative stiffness, and negative mass, and other different additionally ap-42

plied mechanical metamaterial devices Ayad et al. (2020a); Čakmak et al. (2022); Chen43

and Hu (2019); De Domenico et al. (2019); Jiang et al. (2020); Kuhnert et al. (2020);44

Moghimi and Makris (2020); Qian et al. (2019b); Smith and Wang (2004); Wang et al.45

(2009); Zhang et al. (2019a, 2018); Zhao et al. (2019, 2020a,b). The inerters and inertial46

amplifiers are one of the effective mass amplification devices where large band-gap find47

out at low frequencies Ayad et al. (2020b); Barys et al. (2018); Barys and Zalewski (2018);48

Chowdhury et al. (0, 2021, 2022); Frandsen et al. (2016); Hou et al. (2017); Karathana-49

sopoulos et al. (2020); Miniaci et al. (2020); Muhammad et al. (2020); Sun et al. (2021);50

Taniker and Yilmaz (2013, 2017); Yilmaz and Hulbert (2010, 2017); Yilmaz et al. (2007);51

Yilmaz (2007); Yuksel and Yilmaz (2015); Zhou et al. (2019). Quasi-zero stiffness Car-52

rella et al. (2009, 2007); Hao and Cao (2015); Li et al. (2021); Robertson et al. (2009);53

Zhao et al. (2021), high-static-low-dynamic stiffness Cheng et al. (2016); Wu et al. (2022);54

Zheng et al. (2016), and Euler buckled beams as negative stiffness elements Fulcher et al.55

(2014); Huang et al. (2014); Liu et al. (2013); Winterflood et al. (2002); Yuan et al. (2021),56

pseudo-negative-stiffness Iemura et al. (2006); Iemura and Pradono (2009); Kapasakalis57

et al. (2020, 2021); Wang et al. (2018), negative-stiffness inclusions Lakes et al. (2001),58

magnetic negative stiffness dampers Shi and Zhu (2017); Wu et al. (2014) are one of the59

negative stiffness devices. A negative stiffness device (NSD) that can simulate the struc-60

tural system’s weakening without causing permanent deformations or inelastic excursions.61

By engaging at a predetermined displacement and exerting a force at the installation level62

that resists the structural restoring force, the NSD mimics yielding Sarlis et al. (2013).63

The NSD comprises a gap spring assembly (GSA) mechanism that postpones the en-64

gagement of negative stiffness until the structural system experiences a predetermined65

displacement and a self-contained highly compressed spring in a double negative stiffness66

magnification mechanism Pasala et al. (2013). The significant vertical forces required for67

the formation of the horizontal negative stiffness are self-contained by the NSD’s double68

chevron bracing, which prevents the forces from being transferred to the structure Sarlis69
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et al. (2016). A negative stiffness amplifying damper (NSAD) is also developed by inte-70

grating a negative stiffness (NS) spring into the viscous damper systems that are flexible71

and supported by a standard Maxwell damping element (MDE) Wang et al. (2019b).72

When the NS spring and MDE’s dashboard are coupled, the stroke of the dashboard is73

amplified, which results in a notable dampening Wang et al. (2019a) and amplified ef-74

fect. In addition to producing a notable damping and magnifying effect, the suggested75

NSAD also maintains the negative stiffness characteristic Wang et al. (2022). When an76

earthquake occurs, this characteristic is appealing since it lessens both displacement and77

structural acceleration Wang et al. (2023). However, the linear and nonlinear negative78

stiffness inertial amplifier base isolators are not introduced in any state of the art. A79

research scope has been found out.80

Therefore, the linear and nonlinear negative stiffness inertial amplifier base isola-81

tors, such as NSIABI and NNSIABI, for dynamic response mitigation of single-degree-of-82

freedom and multi-degree-of-freedom systems are introduced in this paper. H2 and H∞83

optimization methods are applied to derive the exact closed-form expressions for the opti-84

mal design parameters of the novel isolators, such as the natural frequency and damping85

ratio of the isolator. The dynamic response reduction capacity of H2 and H∞-optimized86

NSIABI and NNSIABI are determined with respect to the dynamic response reduction87

capacity of optimum traditional base isolators for SDOF and MDOF systems subjected88

to harmonic and random-white noise excitation.89

2. Structural model and equations of motion90

The structural model of a single degree of freedom system (SDOF) isolated by negative91

stiffness inertial amplifier base isolator (NSIABI) subjected to base excitation has been92

shown in Figure 1. mb, kb, and cb define the static mass, static stiffness, and static damp-

��

�� ����

��
�

�	

�	 ��


�


�

�	

�	

��

��

Figure 1: The structural diagram of a single degree of freedom system isolated by negative stiffness
inertial amplifier base isolator subjected to base excitation.

93

ing of NSIABI without considering the effective mass amplification effect of the inertial94

amplifiers. ma and θ define the amplifier mass and inertial angle. kn defines the negative95

stiffness installed inside the core of the base isolator. ẍg defines the base excitation. ms,96

cs, and ks define the mass, damping, and stiffness of the SDOF system. A small amplitude97

vibration applies at the base of this above-showed isolated structure. Therefore, a small98

deflection generates through the amplifier mass ma in x and y directions, i.e., xa and ya.99
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Therefore, the deflections are derived as100

xa =
ub + xg

2
and ya = ±ub − xg

2 tan θ
(1)

A certain amount of inertial force is also generated through the amplifier mass in x and101

y directions due to the deflection, i.e., vx and vy. Hence, the inertial forces are derived as102

vx = maẍa and vy = maÿa (2)

Some amount of inertial forces is also developed through the rigid links connected by the103

amplifier mass, i.e., v1 and v2. Accordingly, p1 and p2 are derived as104

v1 =
1

2

( vy
sin θ

− vx
cos θ

)
and v2 =

1

2

( vy
sin θ

+
vx

cos θ

)
(3)

The resultant force of all inertial forces is generated from the end terminal of the inertial105

amplifier, which is connected by the isolator mass and base of the isolated structure.106

Therefore, the resultant force is derived as107

V = 2v2 cos θ + kb(ub − xg)

=
0.5ma

tan2 θ︸ ︷︷ ︸
w1

(üb − ẍg) + 0.5ma︸ ︷︷ ︸
w2

(üb + ẍg) + kia(ub − xg) (4)

where w1 = (0.5ma/ tan
2 θ) and w2 = 0.5ma are the additional amplified masses which108

are added to the static mass of the isolator to generate the effective mass for NSIABI.109

Therefore, the effective mass of NSIABI derives as110

mia = mb + 0.5ma

(
1 +

1

tan2 θ

)
(5)

Applying this effective mass, the other governing system parameters, such as effective111

stiffness and effective damping are derived as112

kia = miaω
2
b and cia = 2ζbmiaωb (6)

Newton’s second law applies to derive the governing equations of motion for the SDOF113

system isolated by NSIABI subjected to base excitation and expressed as114

miaẍb + ciaẋb + (kia − kn)xb − ksxs − csẋs = −miaẍg

msẍs +msẍb + csẋs + ksxs = −msẍg

(7)

where xb = ub − xg defines the relative dynamic response of NSIABI w.r.t the base,115

xs = us − ub defines the relative dynamic response of the SDOF system w.r.t isolator.116

The steady-state solutions for the dynamic responses of the isolated structures consider117

xs = Xse
iωt, xb = Xbe

iωt, and ẍg = Xge
iωt. ζb = cia

2ωbmia
defines damping ratio, and118

ωb =
√
kia/mia defines the frequency ratio for NSIABI. µb = mb/ms defines base mass119

ratio, i.e., isolator to main structural mass ratio. µia = mia/ms defines effective base120

mass ratio, i.e., isolator effective to main structural mass ratio. β = kn/kia defines the121
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ratio of effective negative stiffness to isolator effective stiffness. ηb = ωb/ωs defines the122

natural frequency ratio of the isolator to the main structure. µa = ma/ms defines the123

amplifier mass ratio, i.e., amplifier mass to main structural mass ratio. ζs = cs
2msωs

and124

ks = msω
2
s define the damping ratio and stiffness of the main structure. Therefore,125

using these system parameters and steady-state solutions to the equations of motion, a126

transfer function derives from determining the dynamic responses of the main structure127

and NSIABI analytically. Therefore, the transfer function derives as128 [
2 ζsqωs + q2 + ωs

2 q2

−2 ζsqωs − ωs
2 B22

]{
Xs

Xb

}
= −

[
1

µia

]
Xg

B22 = −β µiaωb
2 + 2 ζbqωbµia + µiaq

2 + ωb
2µia

(8)

The dynamic response of the main structure has been derived as129

Hs(q) =
Xs

Xg

=
−ωb (ωbβ − 2 ζbq − ωb)µia

∆
(9)

The dynamic response of NSIABI has been derived as130

Hb(q) =
Xb

Xg

=

−2 qζsµiaωs − µiaq
2 − 2 ζsqωs

−µiaωs
2 − ωs

2

∆

(10)

∆ derives as131

∆ =

q4µia

+
(
2 ζbµiaωb + 2 ζsµiaωs + 2 ζsωs

)
q3

+

(
4 ζbζsµiaωbωs − β µiaωb

2 + ωs
2

+µiaωb
2 + µiaωs

2

)
q2

+

(
−2 β ζsµiaωb

2ωs + 2 ζbµiaωbωs
2

+2 ζsµiaωb
2ωs

)
q

−β µiaωb
2ωs

2 + µiaωb
2ωs

2

(11)

2.1. H2 optimization for white-noise random excitation132

H2 optimization method applies to derive the exact closed-form expression for optimal133

design parameters of NSIABI subjected to white-noise excitation Chowdhury et al. (2022).134

Equation (11) is a 4th order polynomial equation. Therefore, considering the order of the135

polynomials, a formulation derives and expressed as136

σ2
xs,b

=

∫ ∞

−∞

Ξn(ω) dω

Λn(iω)Λ∗
n(iω)

=
π

u4

det[N4]

det[D4]
(12)

137

N4 =


v3 v2 v1 v0

−u4 u2 −u0 0

0 −u3 u1 0

0 u4 −u2 u0

 and D4 =


u3 −u1 0 0

−u4 u2 −u0 0

0 −u3 u1 0

0 u4 −u2 u0

 (13)
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Equation (9) and Eq. (11) are substituted in Eq. (12) and Eq. (13). Hence, the standard138

deviation (SD) of the dynamic response of the main structure derives as139

σ2
xs

=
S0π ωb

(
µiaωb

2β2 + 4 ζb
2µiaωs

2 − 2 β µiaωb
2 − β ωs

2 + µiaωb
2 + ωs

2
)

2ζbωs
6

(14)

Equation (14) partially differentiates w.r.t damping ratio and natural frequency of NSI-140

ABI. Therefore, a mathematical formulation for partial differentiation derives as141

∂σ2
xs

∂ζb
= 0 and

∂σ2
xs

∂ωb

= 0 (15)

Equation (14) substitutes in the first equation of Eq. (15). Accordingly, the damping142

ratio of NSIABI derives as143

ζb =

√
µia (µiaωb

2β2 − 2 β µiaωb
2 − β ωs

2 + µiaωb
2 + ωs

2)

2µiaωs

(16)

Equation (16) substitutes further in Eq. (14) to derive the optimal closed-form solution144

for the natural frequency of NSIABI. Therefore, the upgraded standard deviation of the145

dynamic response of the main structure derives as146

σ2
xs

=
2ωbS0 (β − 1)µia (ωb

2 (β − 1)µia − ωs
2)π√

µia (ωb
2 (β − 1)µia − ωs

2) (β − 1)ωs
5

(17)

The exact closed-form expression for the optimal natural frequency of NSIBAI derives as147

(ωb)opt =
ωs√

2µia − 2 β µia

and (ωb)opt =
ωs√

(2− 2 β)
(
µb + 0.5µa

(
1 + 1

tan2 θ

)) (18)

Equation (18) substitutes in Eq. (16) and Eq. (17) to derive the optimal closed-form148

solution for the optimal damping ratio of NSIABI and SD of the dynamic response of the149

main structure. Accordingly, the exact closed-form expression for optimal damping ratio150

of NSIABI has been derived as151

(ζb)opt =

√
1− β

8µia

and (ζb)opt =

√
1− β

8
(
µb + 0.5µa

(
1 + 1

tan2 θ

)) (19)

The variations of the optimal frequency ratio of NSIABI versus base mass ratio for different152

values of amplifier mass ratio are displayed in Figure 2 (a). For an increment of base153

mass and amplifier mass ratios, the frequency ratio of the isolator decreases. The systems154

parameters are taken for this graph θ = 10o and β = 0.10. In contrast, the optimal155

frequency ratio increases when the inertial angle increases, which shows in Figure 2 (b).156

Therefore, for a flexible base with a sufficient load-bearing capacity, a moderate base157

mass ratio, amplifier mass ratio, and inertial angle are recommended. The variations of158

the optimal damping ratio of the isolator versus base mass ratio are displayed in Figure 3159

(a). For higher values of base mass ratio and amplifier mass ratio, the optimal damping160

ratio of the isolator decreases. In contrast, the isolator damping ratio increases when the161

inertial angle increases, as shown in Figure 3 (b). Therefore, a moderate damping ratio162

for NSIABI achieves using a moderate base mass ratio, a moderate amplifier mass ratio,163

and a higher inertial angle.164
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(a) (b)

Figure 2: The variations of optimal frequency ratio of NSIABI versus base mass ratio for different values
of (a) amplifier’s mass ratio and (b) inertial angle.

(a) (b)

Figure 3: The variations of optimal damping ratio of NSIABI versus base mass ratio for different values
of (a) amplifier’s mass ratio and (b) inertial angle.

2.2. H∞ optimization for harmonic excitation165

H∞ optimization method has been performed to minimize the maximum displacement166

of the isolated multi-storey building subjected to harmonic excitation. It has been applied167

for this paper to derive the analytical closed-form expressions for optimal design param-168

eters of IABI for vibration mitigation of multi-storey buildings, respectively Chowdhury169

et al. (2022). To perform that Eq. (66) has been transformed into a non-dimensional170
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form. Therefore, the non-dimensional displacement response has been derived as171 [
−η2 + 2 iζsη + 1 −η2

−1 B22

]{
Xs

Xb

}
= −

[
1

µia

]
Xg

ω2
s

B22 = −µiaη
2 + 2 iζbη ηbµia − β ηb

2µia + ηb
2µia

(20)

The dynamic response of the main structure has been derived as172

Hs(η) =

(
Xs

Xg

)
ω2
s =

ηb (2 iη ζb − β ηb + ηb)µia

∆
(21)

The dynamic response of NSIABI derives as173

Hs(η) =

(
Xb

Xg

)
ω2
s =

−µiaη
2 + µia + 1 + i (2µiaζsη + 2 ζsη)

∆
(22)

∆ derives as174

∆ =

−β η2ηb
2µia + 4 η2ζbζsηbµia − η4µia + η2ηb

2µia

+β ηb
2µia + µiaη

2 − ηb
2µia + η2

+i

(
2 β η ζsηb

2µia + 2 η3ζbηbµia + 2 η3ζsµia

−2 ηb
2ζsµiaη + 2 η3ζs − 2 ζbη ηbµia

) (23)

where η = ω/ωs defines the frequency ratio of excitation to the main structure. Hence, to175

minimize the maximum dynamic response of the main structure, the fixed-point theory/H∞176

optimization method applies. To apply H∞ optimization method, the modulus of Hs(η)177

derives and expresses as178

|Hs(η)| =

√
A2 + ζ2bB

2

C2 + ζ2bD
2
=

∣∣∣∣∣BD
∣∣∣∣∣
√√√√(

A
B

)2
+ ζ2b(

C
D

)2
+ ζ2b

(24)

179

A = −β ηb
2µia + ηb

2µia

B = 2η ηbµia

C = −β η2ηb
2µia − η4µia + η2ηb

2µia + β ηb
2µia + µiaη

2 − ηb
2µia + η2

D = 2 η ηbµia

(
η2 − 1

) (25)

Two constraints have been applied to derive the optimal frequency, and damping ratio180

of the main structure using the fixed point theory Chowdhury et al. (2022); Den Hartog181

(1985). These constraints are listed below.182 (
A

B

)2
∣∣∣∣∣
ηj

=

(
C

D

)2
∣∣∣∣∣
ηj

and

(
B

D

)2
∣∣∣∣∣
η1

=

(
B

D

)2
∣∣∣∣∣
η2

(26)

Now applying the first constraint, the values of η1,2 have been obtained as Chowdhury183

et al. (2022)184

η4µia +
(
2 β ηb

2µia − 2 ηb
2µia − µia − 1

)
η2 − 2 β ηb

2µia + 2 ηb
2µia = 0 (27)
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Now applying the second constraint, the values of η1,2 have been obtained as185

η21 + η22 = 2 (28)

From Eq. (27), the relation between two roots has been derived and expressed as186

η21 + η22 =
−2 β ηb

2µia + 2 ηb
2µia + µia + 1

µia

(29)

After equating Eq. (28) and Eq. (29), the optimal frequency ratio of NSIABI has been187

derived as188

(ηb)opt =

√
µia − 1

2µia (1− β)
and (ηb)opt =

√ (
µb + 0.5µa

(
1 + 1

tan2 θ

))
− 1

2
(
µb + 0.5µa

(
1 + 1

tan2 θ

))
(1− β)

(30)

η21,2 has been derived as189

(η1,2)
2
opt = 1±

√
1

µia

(31)

The optimal damping ratio of NSIABI has been derived as190

(ζb)opt =

√
µia − 1− β µia + β

8µia

(32)

The variations of the optimal frequency ratio of NSIABI versus base mass ratio for different191

values of amplifier mass ratio are displayed in Figure 4 (a). For an increment of base192

mass and amplifier mass ratios, the frequency ratio of the isolator increases. The systems193

parameters are taken for this graph θ = 10o and β = 0.10. In contrast, the optimal194

frequency ratio decreases when the inertial angle increases, which shows in Figure 4 (b).195

Therefore, for a flexible base with a sufficient load-bearing capacity, a moderate base196

mass ratio, amplifier mass ratio, and inertial angle are recommended. The variations of197

the optimal damping ratio of the isolator versus base mass ratio are displayed in Figure 5198

(a). For higher values of base mass ratio and amplifier mass ratio, the optimal damping199

ratio of the isolator increases. In contrast, the isolator damping ratio decreases when the200

inertial angle increases, as shown in Figure 5 (b). Therefore, a moderate damping ratio201

for NSIABI achieves using a moderate base mass ratio, a moderate amplifier mass ratio,202

and a higher inertial angle.203

3. Dynamic response evaluation204

The optimal dynamic response of the H2-optimized isolated structure versus frequency205

ratio is displayed in Figure 6 (a). The system parameters are considered as µb = 0.7,206

µa = 0.1, θ = 30o, and β = 0.1. Equation (18) and Eq. (19) apply for this graph207

and applying the considered system parameters, the optimal values for frequency and208

damping ratio determine as 0.7857 and 0.3536. The isolated structures vibrate at their209

Eigen frequencies for ζb = 0, i.e., η = 0.4773 and η = 1.562. Eigen-frequencies are210

shifted due to resonance, and the dynamic responses are mitigated for (ζb)opt = 0.3536.211

Therefore, optimal dynamic responses have been achieved, and the resonating frequencies212

9



(a) (b)

Figure 4: The variations of optimal frequency ratio of NSIABI versus base mass ratio for different values
of (a) amplifier mass ratio and (b) inertial angle.

(a) (b)

Figure 5: The variations of optimal damping ratio of NSIABI versus base mass ratio for different values
of (a) amplifier’s mass ratio and (b) inertial angle.

are obtained as η = 0.4713 and η = 1.477. The optimal dynamic response determines as213

3.0. All the response peaks are merged into one, and the entire isolated structure vibrates214

as an SDOF system for ζb = ∞. The frequency region is identified as η = 1.0. The215

optimal dynamic response of the H∞-optimized isolated structure versus frequency ratio216

is displayed in Figure 6 (b). The system parameters are considered as µb = 0.7, µa = 0.1,217

θ = 14o, and β = 0.1. Equation (30) and Eq. (32) apply for this graph and applying218

the considered system parameters, the optimal values for frequency and damping ratio219

determine as 0.4451 and 0.2. The isolated structures vibrate at their Eigen frequencies220

for ζb = 0, i.e., η = 0.3222 and η = 1.311. Eigen-frequencies are shifted due to resonance,221
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(a) (b)

Figure 6: The optimal dynamic responses of structures vs frequency ratio isolated by (a) H2 optimized
and (b) H∞ optimized NSIABI.

and the dynamic responses are mitigated for (ζb)opt = 0.2. Therefore, optimal dynamic222

responses have been achieved, and the resonating frequencies are obtained as η = 0.3165223

and η = 1.304. The optimal dynamic response determines as 3.6588. All the response224

peaks are merged into one, and the entire isolated structure vibrates as an SDOF system225

for ζb = ∞. The frequency region is identified as η = 1.0. The variations of the optimal226

dynamic responses of structures versus frequency ratio isolated by H2 optimized NSIABI227

and traditional base isolator (TBI) subjected to harmonic excitation are shown in Figure 7228

(a). For NSIABI, the system parameters are considered as µb = 0.7, µa = 0.1, θ = 30o,229

β = 0.1, ηb = 0.7857, and ζb = 0.3536. For traditional base isolator Jangid (2007);230

Matsagar and Jangid (2003, 2004), the system parameters are considered as µb = 0.9,231

ζb = 0.1, and Tb = 2 sec, and ηb = 0.5. The main structural damping ratio considers as232

ζs = 0.01. The maximum dynamic response of the uncontrolled structure obtains as 50.233

The maximum dynamic responses of the structure isolated by NSIABI and traditional234

base isolator are determined as 2.99 and 8.49. Therefore, the dynamic response reduction235

capacity of H2 optimized NSIABI is significantly 64.78 % superior to the traditional base236

isolator. The variations of the optimal dynamic responses of structures versus frequency237

ratio isolated by H∞ optimized NSIABI and traditional base isolator (TBI) subjected to238

harmonic excitation are shown in Figure 7 (b). For NSIABI, the system parameters are239

considered as µb = 0.7, µa = 0.1, θ = 14o, β = 0.1, ηb = 0.4451, and ζb = 0.2. For240

traditional base isolator Jangid (2007); Matsagar and Jangid (2003, 2004), the system241

parameters are considered as µb = 0.9, ζb = 0.05, and Tb = 2.5 sec, and ηb = 0.4. The242

main structural damping ratio considers as ζs = 0.01. The maximum dynamic response243

of the uncontrolled structure obtains as 50. The maximum dynamic responses of the244

structure isolated by NSIABI and traditional base isolator are determined as 3.65 and245

15.97. Therefore, the dynamic response reduction capacity of H∞ optimized NSIABI246

is significantly 77.14 % superior to the traditional base isolator. The variations of the247

optimal dynamic responses of structures versus frequency ratio isolated by H2 optimized248
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(a) (b)

Figure 7: The variations of the optimal dynamic responses of structures versus frequency ratio isolated
by H2 and H∞ optimized NSIABI and traditional base isolator (TBI) subjected to harmonic excitation.

NSIABI and traditional base isolator (TBI) subjected to random-white noise excitation249

are shown in Figure 8 (a). According to the dynamic response evaluation, the dynamic250

response reduction capacity of H2 optimized NSIABI is significantly 88 % superior to the251

traditional base isolator. The variations of the optimal dynamic responses of structures

(a) (b)

Figure 8: The variations of the optimal dynamic responses of structures vs frequency ratio isolated
by H2 and H∞ optimized NSIABI and traditional base isolator (TBI) subjected to random white-noise
excitation.

252

versus frequency ratio isolated by H∞ optimized NSIABI and traditional base isolator253

(TBI) subjected to random-white noise excitation are shown in Figure 8 (b). According254

to the dynamic response evaluation, the dynamic response reduction capacity of H∞255

12



optimized NSIABI is significantly 94.56 % superior to the traditional base isolator.256

4. Nonlinear negative stiffness inertial amplifier base isolators for SDOF sys-257

tem258

Instead of low amplitude contained vibration, higher amplitude contained vibrations259

have been applied at the base of the isolated structures. Due to that, the deformation of260

the amplifier masses derive as261

xa =
xg + ub

2
and ya = l sin θ −

√
l2 sin2 θ − xbl cos θ −

x2
b

4
(33)

where ”l” defines the length of the rigid links, xb = ub − xg defines the relative dynamic262

response of isolator to base. The velocity response of the amplifier’s mass ma in x and263

y-directions derive as264

ẋa =
ẋg + u̇b

2
and ẏa =

(2l cos θ + xb)ẋb√
16l2 sin2 θ − 16xbl cos θ − 4x2

b

(34)

where (•) defines derivative of variables w.r.t time. Using Eq. (34), the total kinetic265

energy of nonlinear negative stiffness inertial amplifier base isolators (NNSIABI) derives266

as267

Ke =
1

2
mbu̇

2
b + 2× 1

2
ma

(
ẋ2
a + ẏ2a

)
=

1

2
mbu̇

2
b +

γmbẋ
2
b(2l cos θ + xb)

2

16l2 sin2 θ − 16xbl cos θ − 4x2
b

+
γmb (ẋg + u̇b)

2

4

(35)

where γ = ma/mb. The total potential energy derives as268

Pe =
1

2
kbx

2
b (36)

Lagrange’s equations Chopra (2007) applies to derive the governing equation of motion269

for nonlinear NSIABI. Lagrange’s equation has been derived as270

d

dt

(
∂Ke

∂ẋj

)
− ∂Ke

∂xj

+
∂Pe

∂xj

+
∂D

∂ẋj

= 0 (37)

where D defines the dissipated energy of the nonlinear NSIABI. xj defines the generalized271

version of xb = ub − xg and xs = us − ub, j denotes the subscript for denoting main272

structure and isolator. xb and xs define the relative dynamic response of isolator and273

structure w.r.t the base and isolator. Therefore, the equations of motion for nonlinear274

NSIABI derives as275 (
1 +

2γl2

4l2 sin2 θ − 4xbl cos θ − x2
b

)
mb︸ ︷︷ ︸

mia

ẍb + kbxb = − (1 + γ)mbẍg (38)

Equation (38) needs to be generalized using the Taylor series for deriving the nonlinear276

isolated structure’s dynamic responses analytically. Therefore, considering the static equi-277

librium Zhou et al. (2019) (i.e. xb = 0), the effective mass for nonlinear NSIABI derives278

as279

mia = mb1 +mb2xb +mb3x
2
b = τmb +

γ cos θmb

2l sin4 θ
xb +

γ(1 + 3 cos2 θ)mb

4l2 sin6 θ
x2
b (39)
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where τ = 1+ γ
2 sin2 θ

. Hence, after applying Eq. (39) to Eq. (52), the governing equations280

of motion for the SDOF system isolated by nonlinear NSIABI derive as281

mb1ẍb + 2ζbmb1ωbẋb +mb1ω
2
bxb − βmb1ω

2
bxb +mb2xbẍb + 2ζbmb2ωbxbẋb

+mb2ω
2
bx

2
b − βmb2ω

2
bx

2
b +mb3x

2
b ẍb + 2ζbmb3ωbx

2
b ẋb +mb3ω

2
bx

3
b − βmb3ω

2
bx

3
b

− ksxs − csẋs = −miaẍg and msẍs +msẍb + csẋs + ksxs = −msẍg

(40)

Equation (64) is a highly nonlinear equation. Therefore, the stochastic linearization282

method Roberts and Spanos (2003) applies to derive the linearized equations of mo-283

tion for isolated structures. Therefore, after the application of the stochastic linearization284

method, the linearized system parameters from Eq. (64) derive as285

ke
b3 = E

{
∂(mb3ω

2
bx

3
b)

∂xb

}
= 3mb3ω

2
bσ

2
xb

and ke
n = βE

{
∂(mb3ω

2
bx

3
b)

∂xb

}
= 3βmb3ω

2
bσ

2
xb

(41)

where σ2
xb
defines the standard deviation of the dynamic response of the isolator. Equation286

(41) is applied to Eq. (64), and the governing equations of motion for the SDOF system287

isolated by linearized NSIABI derives as288

mb1ẍb + 2ζbmb1ωbẋb +mb1ω
2
bxb − βmb1ω

2
bxb + 3mb3ω

2
bσ

2
xb
xb

− 3βmb3ω
2
bσ

2
xb
xb − ksxs − csẋs = −mb1ẍg

msẍs +msẍb + csẋs + ksxs = −msẍg

(42)

The steady-state solutions for the dynamic responses of the isolated structures consider289

as xs = Xse
iωt, xb = Xbe

iωt, and xg = Xge
iωt. Therefore, substituting these solutions into290

Eq. (42), the transfer function derives as291 [
−η2 + 2 iζsη + 1 −η2

−2 iζsη − 1 C22

]{
Xs

Xb

}
= −

[
1

µb1

]
Xg

ω2
s

C22 = −µb1η
2 + 2 iζbµb1ηb η + ηb

2µb1 − βηb
2µb1 + ρ and ρ = 3µb3η

2
b σ̃

2
xb
(1− β)

(43)

where σ̃2
xb

defines the non-dimensional standard deviation of the dynamic response of the292

main structure. The dynamic response of the main structure obtains as293

Hs =
Xs

Xg

ω2
s =

2 iζbη ηbµb1 − β ηb
2µb1 + ηb

2µb1 + ρ

∆
(44)

The dynamic response of the linearized NSIABI is obtained as294

Hb =
Xb

Xg

ω2
s =

−µb1η
2 + µb1 + 1 + i (2 ζsη µb1 + 2 ζsη)

∆
(45)

∆ obtains as295

∆ =

−β η2ηb
2µb1 + 4 η2ζbζsηbµb1 − η4µb1 + η2ηb

2µb1

+β ηb
2µb1 + η2ρ+ µb1η

2 − ηb
2µb1 + η2 − ρ

+i

(
2 β η ζsηb

2µb1 + 2 η3ζbηbµb1 + 2 η3ζsµb1

−2 η ζsηb
2µb1 + 2 η3ζs − 2 ζbη ηbµb1 − 2 η ρ ζs

) (46)
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Using Eq. (45), Eq. (46), Eq. (12), and Eq. (13), σ2
xb
for SDOF system derives Chowdhury296

et al. (2022) and expressed as297

σ2
xb

=
S0π (β µb1ωb

2 − µb1
2ωs

2 − ωb
2µb1 − 2µb1ωs

2 − ωs
2)

2ζbµb1
2ωb

3ωs
2 (β − 1)

(47)

The non-dimensional form of Eq. (47) obtains as298

σ̃2
xb

=

(
S0π

ω3
s

)
(µb1

2 + ηb
2µb1 + 2µb1 + 1− β µb1ηb

2)

2ζbµb1
2ηb3 (1− β)

(48)

Substituting Eq. (48) and Eq. (39) to Eq. (43), ρ determines as299

ρ =

(
3η2b (1 + 3 cos2 θ)ma

4l2 sin6 θ

)(
S0π

ω3
s

)(
µb1

2 + ηb
2µb1 + 2µb1 + 1− β µb1ηb

2

2ζbµb1
2ηb3

)
(49)

The variations of optimal dynamic responses of structures vs frequency ratio isolated by300

H2 optimized nonlinear NSIABI shows in Figure 9 (a). The variations of optimal dynamic

(a) (b)

Figure 9: The variations of optimal dynamic responses of structures vs frequency ratio isolated by (a)
H2 and (b) H∞ optimized nonlinear NSIABI.

301

responses of structures vs frequency ratio isolated by H∞ optimized nonlinear NSIABI302

shows in Figure 9 (b). The variations of optimal dynamic responses of structures vs303

frequency ratio isolated by H2 optimized nonlinear NSIABI and traditional base isolator304

subjected to harmonic base excitation show in Figure 10 (a). The maximum dynamic305

responses of the main structures have been determined as 8.49 and 3.00. Therefore,306

H2 optimized nonlinear NSIABI is significantly 64.66 % superior to the H2 optimized307

traditional base isolator. The variations of optimal dynamic responses of structures vs308

frequency ratio isolated by H∞ optimized nonlinear NSIABI and traditional base isolator309

subjected to harmonic base excitation show in Figure 10 (b). The maximum dynamic310

responses of the main structures have been determined as 15.97 and 5.34. Therefore,311

15



(a) (b)

Figure 10: The variations of optimal dynamic responses of structures vs frequency ratio isolated by (a)
H2 and (b) H∞ optimized nonlinear NSIABI and traditional base isolator subjected to harmonic base
excitation.

H∞ optimized nonlinear NSIABI is significantly 66.56 % superior to the H∞ optimized312

traditional base isolator. The dynamic response reduction capacity of NNSIABI has also313

been determined for random-white noise excitation. Hence, the variations of optimal314

dynamic responses of structures vs frequency ratio isolated by H2 optimized nonlinear315

NSIABI and traditional base isolator subjected to random base excitation show in Fig-316

ure 11 (a). The variations of optimal dynamic responses of structures vs frequency ratio

(a) (b)

Figure 11: The variations of optimal dynamic responses of structures vs frequency ratio isolated by (a)
H2 optimized and (b) H∞ optimized nonlinear NSIABI and traditional base isolator subjected to random
base excitation.

317

isolated by H∞ optimized nonlinear NSIABI and traditional base isolator subjected to318
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random base excitation show in Figure 11 (b). The maximum dynamic response of H2319

and H∞ optimized-controlled structure’s dynamic responses are lesser than the optimum320

traditional base isolators. Therefore, the dynamic response reduction capacity of optimum321

NNSIABI is significantly higher than the optimum traditional base isolated subjected to322

random-white noise excitation.323

5. Time history results324

Through a numerical investigation, the correctness of theH2 andH∞ optimised closed-325

form formulas for the best design parameters for NNSIABI has been confirmed. The nu-326

merical analysis was conducted using the Newmark-beta approach. In order to ascertain327

the dynamic reactions of the uncontrolled and isolated structures, eleven near-field genuine328

earthquake base excitations (Pulse recordings) were obtained from the Pacific Earthquake329

Engineering Research Centre (https://peer.berkeley.edu/peer-strong-ground-motion-databases)330

and induced in the MATLAB programmes. Table 1 contains a full list of the near field331

earthquake recordings’ attributes. These data were used to create and present in Figure 12

Table 1: Details of near-field earthquake base excitations (Pulse records) (https://peer.berkeley.edu/
peer-strong-ground-motion-databases).

Earthquake Year Mw Recording station V s30(m/s) Component Es (km) PGA,g
Irpinia, Italy-01 1980 6.9 Sturno 1000 MUL009 30.4 0.31
Superstition Hills-02 1987 6.5 Parachute Test Site 349 SUPERST 16.0 0.42
Loma Prieta 1989 6.9 LOMAP 371 HEC000 27.2 0.38
Erzican, Turkey 1992 6.7 Erzincan 11 275 ERZIKAN 9.0 0.49
Cape Mendocino 1992 7.0 CAPEMEND 713 NIS090 4.5 0.63
Landers 1992 7.3 Lucerne 685 LANDERS 44.0 0.79
Northridge-01 1994 6.7 Rinaldi Receiving Sta 282 NORTHR 10.9 0.87
Kocaeli, Turkey 1999 7.5 Izmit 811 KOCAELI 5.3 0.22
Chi-Chi, Taiwan 1999 7.6 TCU065 306 CHICHI 26.7 0.82
Chi-Chi, Taiwan 1999 7.6 TCU102 714 CHICHI 45.6 0.29
Duzce, Turkey 1999 7.1 Duzce 276 DUZCE 1.6 0.52

332

the response spectra Banerjee et al. (2017) at 5% damping for all near-field earthquake333

base excitations (Pulse recordings). Every earthquake spectrum has a larger amplitude334

and experiences brief frequency fluctuations. For the structures, this is more damaging335

than the far-filed earthquake. If the new isolators can be used to reduce the vibration336

caused by near-field earthquakes, then the buildings will also be protected from far-field337

earthquakes. Therefore, in order to acquire the dynamic reactions of the buildings, near-338

field with pulses earthquake data are utilised in the MATLAB environment. This nu-339

merical analysis has been conducted using the Newmark-beta approach. The changes in340

the displacement and acceleration responses versus time of the uncontrolled and isolated341

structures are shown in Figure 13 (a) and Figure 13 (b). The maximum displacement342

responses are determined for all structures and listed in Table 2. The maximum displace-343

ment of main buildings with corresponding displacement reduction of each H2 optimized344

isolator w.r.t uncontrolled building (Dr(%)) under near-field earthquake base excitations345
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Figure 12: Response spectra of eleven near-field earthquake records (5% damped).

(a) (b)

Figure 13: The (a) displacement and (b) acceleration responses of structures vs time isolated by optimum
NNSIABI subjected to Loma Prieta earthquake.

has been listed in Table 2.346

Dr(%) =
(xmax

s )TBI − (xmax
s )NNSIABI

(xmax
s )TBI

(50)

where (xmax
s )TBI refers to the maximum displacement of the SDOF system isolated by347

TBI. (xmax
s )NNSIABI refers to the maximum displacement of the SDOF system isolated by348

NNSIABI. According to this result, the proposed NNSIABI has 23.42 % more vibration349

reduction capacity than the traditional base isolator (TBI). Similarly, the maximum ac-350

celeration responses of the uncontrolled and isolated structures are determined and listed351

in Table 3. The maximum acceleration of main buildings with corresponding acceleration352

reduction of each optimum isolator w.r.t uncontrolled building (Ar(%)) under near-field353
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Table 2: Under near-field earthquake base excitations (Pulse recordings), the maximum displacement
responses of the main building xmax

s (m) and the associated displacement reduction of each optimal
isolator with respect to the uncontrolled building (Dr(%)) .

Earthquake xmax
s (m) Dr(%)

Uncontrolled TBI Matsagar and Jangid (2003) NNSIABI NNSIABI
Irpinia, Italy-01 0.0041 0.0013 0.0011 15.23
Superstition Hills-02 0.0067 0.0052 0.0042 19.11
Loma Prieta 0.0051 0.0028 0.0021 25.08
Erzican, Turkey 0.0063 0.0023 0.0019 17.70
Cape Mendocino 0.0094 0.0059 0.0037 37.31
Landers 0.0045 0.0032 0.0028 14.23
Northridge-01 0.0122 0.0113 0.0076 32.46
Kocaeli, Turkey 0.0041 0.0014 0.0011 22.71
Chi-Chi, Taiwan 0.0088 0.0062 0.0036 40.87
Chi-Chi, Taiwan 0.0052 0.0040 0.0033 17.54
Duzce, Turkey 0.0081 0.0032 0.0027 15.37
Average 0.0067 0.0042 0.0031 23.42

earthquake base excitations has been listed in Table 3.

Table 3: Under near-field earthquake base excitations (Pulse recordings), the maximum acceleration
responses of the main building ẍmax

s (m/s2) and the corresponding acceleration reduction of each optimal
isolator with respect to the uncontrolled building (Ar(%)).

Earthquake ẍmax
s (m/s2) Ar(%)

Uncontrolled TBI Matsagar and Jangid (2003) NNSIABI NNSIABI
Irpinia, Italy-01 0.5981 0.1556 0.0952 38.86
Superstition Hills-02 0.9902 0.2206 0.1950 11.61
Loma Prieta 0.9939 0.2119 0.1501 29.17
Erzican, Turkey 0.9005 0.2733 0.169 38.15
Cape Mendocino 1.4537 0.4055 0.3207 20.92
Landers 1.0335 0.2315 0.1536 33.63
Northridge-01 2.1397 0.5917 0.4004 32.33
Kocaeli, Turkey 0.6587 0.1249 0.0762 39.03
Chi-Chi, Taiwan 1.0941 0.3269 0.208 36.37
Chi-Chi, Taiwan 0.6910 0.1551 0.1469 5.24
Duzce, Turkey 0.9397 0.3932 0.2400 38.96
Average 1.045 0.2809 0.1959 29.48

354

Ar(%) =
(ẍmax

s )TBI − (ẍmax
s )NNSIABI

(ẍmax
s )TBI

(51)

where (ẍmax
s )TBI refers to the maximum acceleration of the SDOF system isolated by355

TBI. (ẍmax
s )NNSIABI refers to the maximum acceleration of the SDOF system isolated356

by NNSIABI. According to that, the proposed NNSIABI has 29.48 % more vibration357

reduction capacity than TBI. The histogram of the uncontrolled and isolated structures358
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using their displacement and acceleration responses are shown in Figure 14 (a) and Fig-359

ure 14 (b). The maximum dynamic responses of the isolated structures are divided by
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Figure 14: The bar diagrams of (a) displacement and (b) acceleration of structure isolated by TBI and
NNSIABI.

360

the maximum dynamic responses of the uncontrolled structures. The ratios are applied to361

obtain the histogram diagrams. The histogram plots of the NNSIABI-isolated structures362

are much smaller than the histogram diagrams of the uncontrolled structures and struc-363

tures isolated by TBI. The variations of the structural damping force versus structural364

displacement are shown in Figure 15 (a). The value for structural damping is considered365

as 0.02, i.e. ζs = 0.02. Each isolated structure’s damping force versus structural displace-366

ment curve is smaller than the uncontrolled structure. Precisely, the NNSIABI-isolated367

structure’s damping curve is smaller than the TBI-isolated structure’s damping curve.368

Hence, the damping force reduction capacity of NNSIABI is more than the damping force369

reduction capacity of TBI. In addition, the energy dissipation capacity of each isolator370

is obtained separately to visualise the energy flow within the structures during an earth-371

quake. Therefore, the variations of the normalised energy of structure versus time are372

shown in Figure 15 (b). The kinetic energy, dissipated energy, and potential energy of373

the uncontrolled structure is obtained analytically. The potential energy is slightly more374

than the dissipated and kinetic energies. The maximum amplitudes of each energy plot375

are near 0.57 to 0.59 ranges. In addition, the energy plots of each isolated structure are376

derived. Therefore, the variations of the normalised energy of the structures isolated by377

TBI and NNSIABI versus time are shown in Figure 16 (a) and Figure 16 (b). In Figure 16378

(a), the potential energy plot has a maximum amplitude of 0.2, whereas in Figure 16 (b),379

the potential energy plot has a maximum amplitude of 0.1. The kinetic and dissipated380

energy plots are also following the same trends. The rest of the energy is dissipated381

outside the environment through mechanical energy to thermal energy during earthquake382

and post-earthquake scenarios. Therefore, the proposed NNSIABI is more effective than383

TBI in terms of vibration reduction capacity.384
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(a) (b)

Uncontrolled structures

Figure 15: (a) The variations of structural damping force versus structural displacement. (b) The
normalized energy of structure versus time.

(a) (b)

Figure 16: The changes in the normalised energy of structure isolated by (a) TBI and (b) NNSIABI
versus time.

6. Negative stiffness inertial amplifier base isolators for multi-storey building385

The negative stiffness inertial amplifier base isolators (NSIABI) are applied to multi-386

storey buildings to mitigate their dynamic responses. Therefore, the structural diagram387

of a multi-storey building isolated by negative stiffness inertial amplifier base isolator388

subjected to base excitation has been shown in Figure 17. Newton’s second law has been389

applied to derive the governing equations of motion for the multi-storey buildings isolated390

by NSIABI. Therefore, the equations of motion of NSIABI for multi-storey buildings391

subjected to base excitation are derived as392

[Ms]{ẍs}+ [Cs]{ẋs}+ [Ks]{xs} = −[Ms]{r}(ẍg + ẍb)

miaẍb + ciaẋb + kiaxb − knxb − k1x1 − c1ẋ1 = −miaẍg

(52)
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Figure 17: The structural diagram of a multi-storey building isolated by negative stiffness inertial
amplifier base isolator subjected to base excitation.

where xb = ub−xg defines the relative dynamic response of isolator to base. xN = uN−ub,393

xN−1 = uN−1−ub, and x1 = u1−ub define the relative dynamic response of each floor w.r.t394

the isolator. [Ms], [Cs], and [Ks] define the mass, damping, and stiffness matrices of the395

superstructure. {xs} = {x1, x2, x3, · · · , xN}, {ẍs}, and {ẋs} are the main structure’s un-396

known vectors for each degree of freedom, such as displacement, acceleration, and velocity397

vectors. ˙(•) define the derivative of variables w.r.t time. The influence coefficient vector for398

loading function considers as {r} = {1, 1, 1, · · · , 1}. Initially, the mathematical model of a399

five-storey building is considered to derive the closed-form expressions for optimal design400

parameters of IABI analytically. To derive the exact closed-form expressions for optimal401

design parameters of NSIABI analytically in a simplified manner, the mass, stiffness, and402

damping of each floor are considered as ms (i.e., m1 = m2 = m3 = m4 = m5 = ms), ks403

(i.e., k1 = k2 = k3 = k4 = k5 = ks), and cs (i.e., c1 = c2 = c3 = c4 = c5 = cs). The steady-404

state solutions are considered as x1 = X1e
iωt, x2 = X2e

iωt, x3 = X3e
iωt, x4 = X4e

iωt,405

x5 = X5e
iωt, xb = Xbe

iωt, and ẍg = Xge
iωt. Using the steady-state solutions, the transfer406

function derives as407 

A1 A2 0 0 0 q2

A2 A1 A2 0 0 q2

0 A2 A1 A2 0 q2

0 0 A2 A1 A2 q2

0 0 0 A2 A3 q2

A2 0 0 0 0 A4





X1

X2

X3

X4

X5

Xb


= −



1

1

1

1

1

µia


Xg (53)

408

q = iω,A1 = 4 ζsqωs + q2 + 2ωs
2, A2 = −2 ζsqωs − ωs

2,

A3 = 2 ζsqωs + q2 + ωs
2 and A4 = 2 ζbqωbµia + q2µia + µiaωb

2 − β ωb
2µia

(54)

where µb = mb/ms defines the base mass ratio and µia = mia/ms defines the effective409

base mass ratio. µa = ma/ms defines the amplifiers mass ratio. ηb = ωb/ωs defines410

the isolator frequency ratio. Each floor’s frequency and damping ratio obtain as ωs =411 √
ks/ms and ζs = cs

2msωs
. Each floor’s damping ratio considers as 0, i.e., ζs = 0 to412

reduce the length of the closed-form expressions for isolated structure’s dynamic responses.413
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These mathematical simplifications also help to derive the optimal closed-form solutions414

for design parameters in a simplified manner, and only the isolator’s optimal system415

parameters have been achieved in the closed-form expressions. Therefore, the dynamic416

response of the top floor derives as417

H5(q) =
X5

Xg

=

(
µia (q

2 + ωs
2)ωb (q

2 + 3ωs
2)

(q4 + 5 q2ωs
2 + 5ωs

4) (ωbβ − 2 qζb − ωb)

)
∆

(55)

The dynamic response of NSIABI derives as418

Hb(q) =
Xb

Xg

=

 q10µia + 9ωs
2q8µia + 28ωs

4q6µia + 35ωs
6q4µia

+15ωs
8q2µia + µiaωs

10 + ωs
2q8 + 8ωs

4q6

+21ωs
6q4 + 20ωs

8q2 + 5ωs
10


∆

(56)

The closed-form expression for ∆ has been derived as419

∆ =



q12µia + 2 q11ζbµiaωb + 18 q9ζbµiaωbωs
2

+(−β µiaωb
2 + µiaωb

2 + 9µiaωs
2 + ωs

2) q10

+(−9 β µiaωb
2ωs

2 + 9µiaωb
2ωs

2 + 28µiaωs
4 + 8ωs

4) q8

+56 q7ζbµiaωbωs
4

+(−28 β µiaωb
2ωs

4 + 28µiaωb
2ωs

4 + 35µiaωs
6 + 21ωs

6) q6

+70 q5ζbµiaωbωs
6

+(−35 β µiaωb
2ωs

6 + 35µiaωb
2ωs

6 + 15µiaωs
8 + 20ωs

8) q4

+30 q3ζbµiaωbωs
8

+(−15 β µiaωb
2ωs

8 + 15µiaωb
2ωs

8 + µiaωs
10 + 5ωs

10) q2

+2 qζbµiaωbωs
10 − β µiaωb

2ωs
10 + µiaωb

2ωs
10


(57)

6.1. H2 optimization for white-noise random excitation420

H2 optimization method applies to derive the optimal closed-form solutions for design421

parameters of multi-storey buildings isolated by NSIABI Chowdhury et al. (2022). The422

standard deviation of the dynamic response of the main structure’s top floor has been423

derived using Eq. (55), Eq. (57) and expressed as424

σ2
x5

=

S0ωbπ

(
671 β2µiaωb

2 + 220µiaζb
2ωs

2 − 1342 β ωb
2µia

−225 β ωs
2 + 671µiaωb

2 + 225ωs
2

)
2ζbωs

6

(58)

The equation below has been used to determine the optimal NSIABI design parameters425

for structures.426

∂σ2
x5

∂ζb
= 0 and

∂σ2
x5

∂ωb

= 0 (59)

By substituting σ2
xs

into the first equation of Eq. (59), the closed-form expression for427

damping ratio of NSIABI ζb has been derived and expressed as428

ζb =

√
55
√

µia (671 β2µiaωb
2 − 1342 β ωb

2µia − 225 β ωs
2 + 671µiaωb

2 + 225ωs
2)

110µiaωs

(60)
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Equation (60) contains optimal frequency of NSIABI ωb which needs to to be separated.429

To achieve that, Eq. (60) has been substituted in Eq. (58). Therefore, the modified430

standard deviation of displacement response has been derived as431

σ2
x5

=
2
√
671µia (β − 1)

√
55ωbS0π (671 β ωb

2µia − 671µiaωb
2 − 225ωs

2)

671
√

µia (β − 1)
(
ωb

2 (β − 1)µia − 225ωs
2

671

)
ωs

5
(61)

Equation (61) substitutes in the second equation of Eq. (59). Therefore, the closed-form432

expression for the optimal natural frequency of the NSIABI has been derived as433

(ωb)opt =
15ωs√

1342µia − 1342 β µia
(62)

Equation (62) substitutes in Eq. (60) to derive the exact closed-form expression for the434

optimal damping ratio of NSIABI and expressed as435

(ζb)opt =
3
√

(1− β)µia

√
330

44µia

(63)

The variations of optimal frequency ratio of NSIABI for five-storey buildings with different436

values of amplifier mass ratio show in Figure 18 (a). The variations of optimal frequency

(a) (b)

Figure 18: The variations of optimal frequency ratio of NSIABI for five-storey buildings with different
values of (a) amplifier mass ratio and (b) inertial angle.

437

ratio of NSIABI for five-storey buildings with different values of inertial angle show in438

Figure 18 (b). The variations of optimal damping ratio of NSIABI for five-storey build-439

ings with different values of amplifier mass ratio show in Figure 19 (a). The variations of440

optimal damping ratio of NSIABI for five-storey buildings with different values of inertial441

angle show in Figure 19 (b). The variations of optimal dynamic responses of the top floor442

of the five storey vs frequency ratio isolated by optimum NSIABI for different values of443

damping ratio show in Figure 20 (a). The variations of optimal dynamic responses of the444
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(a) (b)

Figure 19: The variations of optimal damping ratio of NSIABI for five-storey buildings with different
values of (a) amplifier mass ratio and (b) inertial angle.

(a) (b)

Figure 20: The variations of optimal dynamic responses of (a) five storey and (b) ten storey buildings
vs frequency ratio isolated by optimum NSIABI for different values of damping ratio.

top floor of the ten storey vs frequency ratio isolated by optimum NSIABI for different445

values of damping ratio show in Figure 20 (b). The variations of optimal dynamic re-446

sponses of the top floor of the five-storey buildings isolated by NSIABI and TBI subjected447

to harmonic excitation show in Figure 21 (a). The maximum dynamic responses of the448

top floor of the main structure have been determined as 626.83 and 30.92. Therefore, the449

dynamic response of the NSIABI is significantly 95.06 % superior to the traditional base450

isolator. The variations of optimal dynamic responses of the top floor of the ten-storey451

buildings isolated by NSIABI and TBI subjected to harmonic excitation show in Fig-452
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(a) (b)

Figure 21: The variations of optimal dynamic responses of (a) five-storey and (b) ten-storey buildings
isolated by NSIABI and TBI subjected to harmonic excitation.

ure 21 (b). The maximum dynamic responses of the top floor of the main structure have453

been determined as 8731.6 and 191.7. Therefore, the dynamic response of the NSIABI454

is significantly 97.80 % superior to the traditional base isolator. The variations of opti-455

mal dynamic responses of five-storey buildings isolated by NSIABI and TBI subjected to456

random-white noise excitation show in Figure 22 (a). The variations of optimal dynamic

(a) (b)

Figure 22: The variations of the optimal dynamic responses of (a) five-storey and (b) ten-storey buildings
isolated by NSIABI and TBI subjected to white-noise excitation.

457

responses of ten-storey buildings isolated by NSIABI and TBI subjected to random-white458

noise excitation show in Figure 22 (b).459
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7. Nonlinear negative stiffness inertial amplifier base isolators for MDOF sys-460

tem461

The nonlinear negative stiffness inertial amplifier base isolators are applied at the base462

of the multi-storey buildings to mitigate their dynamic responses. Therefore, Equation463

(38) applies to Eq. (52) and the governing equations of motion for multi-storey buildings464

isolated by nonlinear NSIABI subjected to base excitation are derived as465

[Ms]{ẍs}+ [Cs]{ẋs}+ [Ks]{xs} = −[Ms]{r}(ẍg + ẍb)

mb1ẍb + 2ζbmb1ωbẋb +mb1ω
2
bxb − βmb1ω

2
bxb +mb2xbẍb + 2ζbmb2ωbxbẋb

+mb2ω
2
bx

2
b − βmb2ω

2
bx

2
b +mb3x

2
b ẍb + 2ζbmb3ωbx

2
b ẋb +mb3ω

2
bx

3
b − βmb3ω

2
bx

3
b

− k1x1 − c1ẋ1 = −miaẍg

(64)

After applying the stochastic linearization method and Eq. (41) to the Eq. (64), the466

governing equations of motion for multi-storey buildings isolated by nonlinear NSIABI467

derive as468

[Ms]{ẍs}+ [Cs]{ẋs}+ [Ks]{xs} = −[Ms]{r}(ẍg + ẍb)

mb1ẍb + 2ζbmb1ωbẋb +mb1ω
2
bxb − βmb1ω

2
bxb + 3mb3ω

2
bσ

2
xb
xb

− 3βmb3ω
2
bσ

2
xb
xb − k1x1 − c1ẋ1 = −mb1ẍg

(65)

The steady-state solutions for five storey buildings are considered as x1 = X1e
iωt, x2 =469

X2e
iωt, x3 = X3e

iωt, x4 = X4e
iωt, x5 = X5e

iωt, xb = Xbe
iωt, and ẍg = Xge

iωt. Using the470

steady-state solutions, the transfer function derives as471 

E1 E2 0 0 0 q2

E2 E1 E2 0 0 q2

0 E2 E1 E2 0 q2

0 0 E2 E1 E2 q2

0 0 0 E2 E3 q2

A2 0 0 0 0 E4





X1

X2

X3

X4

X5

Xb


= −



1

1

1

1

1

µb1


Xg (66)

472

q = iω,E1 = 4 ζsqωs + q2 + 2ωs
2, E2 = −2 ζsqωs − ωs

2,

E3 = 2 ζsqωs + q2 + ωs
2, E4 = −µb1η

2 + 2 iζbµb1ηb η + ηb
2µb1 − βηb

2µb1 + ρ

and ρ = 3µb3η
2
b σ̃

2
xb
(1− β)

(67)

Therefore, the dynamic response of the top floor derives as473

H5(q) =

(
X5

Xg

)
ω2
s =

(
(η4 − 5 η2 + 5) (η − 1) (η + 1)

(2 iζbη ηbµb1 − β ηb
2µb1 + ηb

2µb1 + ρ) (η2 − 3)

)
∆

(68)

The dynamic response of nonlinear NSIABI derives as474

Hb(q) =

(
Xb

Xg

)
ω2
s =

(
−η10µb1 + 9 η8µb1 + η8 − 28 η6µb1 − 8 η6

+35 η4µb1 + 21 η4 − 15µb1η
2 − 20 η2 + µb1 + 5

)
∆

(69)
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The closed-form expression for ∆ has been derived as475

∆ =



β ηb
2µb1 − ηb

2µb1 + η10ηb
2µb1 − 9 η8ηb

2µb1 − ρ+ 5 η2 + 28 η6ηb
2µb1

−35 η4ηb
2µb1 + 15 η2ηb

2µb1 + µb1η
2 − β η10ηb

2µb1 − 15 η4µb1

+15 η2ρ− η12µb1 + η10ρ+ 9 η10µb1 − 9 η8ρ− 28 η8µb1 + 28 η6ρ
+35 η6µb1 − 35 η4ρ− 15 β η2ηb

2µb1 − 28 β η6ηb
2µb1 + 35 β η4ηb

2µb1

+9 β η8ηb
2µb1 + η10 − 8 η8 + 21 η6 − 20 η4

+i

(
2 η11ζbηbµb1 − 18 η9ζbηbµb1 + 56 η7ζbηbµb1

−70 η5ζbηbµb1 + 30 η3ζbηbµb1 − 2 η ζbηbµb1

)


(70)

Using Eq. (69), Eq. (70), Eq. (12), and Eq. (13), σ2
xb

for multi-storey buildings derive476

Chowdhury et al. (2022) and expressed as477

σ2
xb

=
S0π (55 β µb1ωb

2 − ωs
2µb1

2 − 55µb1ωb
2 − 10µb1ωs

2 − 25ωs
2)

2µb1
2ωs

2ζbωb
3 (β − 1)

(71)

The non-dimensional form of Eq. (71) obtains as478

σ̃2
xb

=

(
S0π

ω3
s

)
(55 β µb1ηb

2 − µb1
2 − 55µb1ηb

2 − 10µb1 − 25 )

2µb1
2ζbηb3 (β − 1)

(72)

Substituting Eq. (72) and Eq. (39) to Eq. (67), ρ determines as479

ρ =

(
3η2b (1 + 3 cos2 θ)ma

4l2 sin6 θ

)(
S0π

ω3
s

)(
µb1

2 + 55ηb
2µb1 + 10µb1 + 25− 55β µb1ηb

2

2ζbµb1
2ηb3

)
(73)

The variations of the optimal dynamic responses of five-storey buildings versus frequency480

ratio isolated by optimum nonlinear NSIABI show in Figure 23 (a). The variations of

(a) (b)

Figure 23: The variations of the optimal dynamic responses of (a) five and (b) ten-storey buildings
versus frequency ratio isolated by optimum nonlinear NSIABI.

481

the optimal dynamic responses of ten-storey buildings versus frequency ratio isolated by482
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optimum nonlinear NSIABI show in Figure 23 (b). The variations of the optimal dynamic483

responses of five-storey buildings isolated by NNSIABI and TBI subjected to harmonic484

excitation have been shown in Figure 24 (a). The maximum dynamic responses of the485

top floor of the main structure have been determined as 626.83 and 32.06. Therefore, the486

dynamic response of the NNSIABI is significantly 94.88 % superior to the traditional base487

isolator. The variations of the optimal dynamic responses of ten-storey buildings isolated

(a) (b)

Figure 24: The variations of the optimal dynamic responses of (a) five-storey and (b) ten-storey buildings
isolated by NNSIABI and TBI subjected to harmonic excitation.

488

by NNSIABI and TBI subjected to harmonic excitation have been shown in Figure 24489

(b). The maximum dynamic responses of the top floor of the main structure have been490

determined as 8731 and 202.32. Therefore, the dynamic response of the NNSIABI is sig-491

nificantly 97.68 % superior to the traditional base isolator. The variations of the optimal492

dynamic responses of five-storey buildings isolated by NNSIABI and TBI subjected to493

random-white noise excitation show in Figure 25 (a). The maximum dynamic response494

of the NNSIABI-controlled main structure’s are lesser than the optimum traditional base495

isolators. Therefore, the dynamic response reduction capacity of optimum NNSIABI is496

significantly higher than the optimum traditional base isolated subjected to random-white497

noise excitation. The variations of the optimal dynamic responses of ten-storey buildings498

isolated by NNSIABI and TBI subjected to random-white noise excitation show in Fig-499

ure 25 (b). According to the results, the dynamic response reduction capacity of optimum500

NNSIABI is significantly higher than the optimum traditional base isolated subjected to501

random-white noise excitation for ten-storey buildings. In addition, the accuracy of the502

closed-form expressions for optimal design parameters for NNSIABI has been verified by503

conducting a numerical study. The changes in the displacement responses of the five504

and ten-storey buildings versus the time of the uncontrolled and isolated structures are505

shown in Figure 26 (a) and Figure 26 (b). The maximum displacement responses are506

determined for five-storey buildings and listed in Table 4. The maximum displacement507

responses of the main buildings and the displacement reduction capacity of NNSIABI508

w.r.t TBI (D5(%)) under near-field earthquake base excitations have been listed in Ta-509
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(a) (b)

Figure 25: The variations of the optimal dynamic responses of (a) five-storey and (b) ten-storey buildings
isolated by NNSIABI and TBI subjected to random-white noise excitation.

ble 4. where (xmax
5 )TBI refers to the maximum displacement of the multi-storey building

(a) (b)

Figure 26: The displacement response of (a) five and (b) ten storey buildings vs time isolated by optimum
TBI and NNSIABI subjected to Loma Prieta earthquake.

510

isolated by TBI. (xmax
5 )NNSIABI refers to the maximum displacement of the multi-storey511

building isolated by NNSIABI. According to this result, the proposed NNSIABI has 57.01512

% more displacement reduction capacity than the traditional base isolator (TBI).513

D5(%) =
(xmax

5 )TBI − (xmax
5 )NNSIABI

(xmax
5 )TBI

(74)

where D5(%) defines the displacement reduction capacity of NNSIABI with respect to514

TBI. The changes in the acceleration responses of the five and ten-storey buildings ver-515

sus the time of the uncontrolled and isolated structures are shown in Figure 27 (a) and516
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Figure 27 (b). The maximum acceleration responses are determined for all structures and517

listed in Table 5. The maximum acceleration responses of the main buildings and the dis-518

placement reduction capacity of NNSIABI w.r.t TBI (A5(%)) under near-field earthquake519

base excitations have been listed in Table 5.520

A5(%) =
(ẍmax

5 )TBI − (ẍmax
5 )NNSIABI

(ẍmax
5 )TBI

(75)

According to Table 5, the NNSIABI has 54.4 % more acceleration reduction capacity

(a) (b)

Figure 27: The acceleration response of structures vs time isolated by optimum TBI and NNSIABI
subjected to Loma Prieta earthquake.

Table 4: The five-story building’s maximum top floor displacement responses xmax
5 (m) and NNSIABI’s

displacement reduction capability with respect to TBI (D5(%)) under near-field seismic base excitations.

Earthquake xmax
5 (m) D5(%)

Uncontrolled TBI Matsagar and Jangid (2010) NNSIABI NNSIABI
Irpinia, Italy-01 0.0443 0.0305 0.0125 59.15
Superstition Hills-02 0.0469 0.0361 0.0187 48.09
Loma Prieta 0.0559 0.0344 0.0166 51.71
Erzican, Turkey 0.0678 0.0519 0.0144 72.27
Cape Mendocino 0.0317 0.03 0.0156 48.08
Landers 0.0233 0.0153 0.0074 51.86
Northridge-01 0.0913 0.0824 0.04116 50.13
Kocaeli, Turkey 0.0310 0.0155 0.0065 58.37
Chi-Chi, Taiwan 0.1310 0.0862 0.0247 71.35
Chi-Chi, Taiwan 0.0828 0.0538 0.0219 59.33
Duzce, Turkey 0.0408 0.0280 0.0121 56.77
Average 0.0588 0.0422 0.0174 57.01

521

than TBI for the five-storey buildings. The histogram of the uncontrolled and isolated522
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Table 5: The five-story structure’s maximum top floor acceleration responses ẍmax
5 (m/s2) under near-

field earthquake base excitations, together with the corresponding acceleration reduction of each optimal
isolator with regard to the uncontrolled building (A5(%)).

Earthquake ẍmax
5 (m/s2) A5(%)

Uncontrolled TBI Matsagar and Jangid (2010) NNSIABI NNSIABI
Irpinia, Italy-01 0.6715 0.3592 0.1339 62.70
Superstition Hills-02 0.9009 0.7245 0.2853 60.62
Loma Prieta 0.8457 0.7030 0.3022 57.02
Erzican, Turkey 1.1287 0.9778 0.2811 71.25
Cape Mendocino 1.3075 1.2134 0.5417 55.35
Landers 0.8391 0.4476 0.2729 39.03
Northridge-01 2.0294 1.9596 1.1029 43.71
Kocaeli, Turkey 0.5715 0.2994 0.1237 58.69
Chi-Chi, Taiwan 2.253 1.204 0.5262 56.30
Chi-Chi, Taiwan 1.4161 0.6567 0.38 42.13
Duzce, Turkey 1.0875 1.0845 0.4454 58.92
Average 1.117 0.875 0.399 54.4

structures using their displacement and acceleration responses are shown in Figure 28523

(a) and Figure 28 (b). The maximum dynamic responses of the isolated structures are524

divided by the maximum dynamic responses of the uncontrolled structures. The ratios are525

applied to obtain the histogram diagrams. The histogram plots of the NNSIABI-isolated526

structures are much smaller than the histogram diagrams of the uncontrolled structures527

and structures isolated by TBI. The maximum displacement responses are determined
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Figure 28: The bar diagrams of (a) displacement and (b) acceleration of structure isolated by TBI and
NNSIABI.

528

for ten-storey buildings and listed in Table 6. The maximum displacement responses529

of the main buildings and the displacement reduction capacity of NNSIABI w.r.t TBI530
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(D10(%)) under near-field earthquake base excitations have been listed in Table 6. where

Table 6: xmax
10 (m) represents the maximum top floor displacement responses of a ten-story structure, and

(D10(%)) is the equivalent displacement reduction of each optimal isolator with respect to the uncontrolled
building. Beneath base excitations for near-field earthquakes (Pulse recordings).

Earthquake xmax
10 (m) D10(%)

Uncontrolled TBI Matsagar and Jangid (2010) NNSIABI NNSIABI
Irpinia, Italy-01 0.0821 0.0754 0.0329 56.36
Superstition Hills-02 0.1045 0.1025 0.0705 31.22
Loma Prieta 0.0748 0.0701 0.0349 50.15
Erzican, Turkey 0.1214 0.0997 0.0517 48.09
Cape Mendocino 0.0795 0.0674 0.0389 42.28
Landers 0.0379 0.0297 0.0115 61.23
Northridge-01 0.0766 0.0746 0.0477 36.11
Kocaeli, Turkey 0.0525 0.0509 0.0203 60.17
Chi-Chi, Taiwan 0.2109 0.1783 0.0620 65.25
Chi-Chi, Taiwan 0.1271 0.1175 0.0630 46.36
Duzce, Turkey 0.1348 0.1327 0.0545 58.93
Average 0.100 0.0907 0.044 51.48

531

(xmax
10 )TBI refers to the maximum displacement of the multi-storey building isolated by532

TBI. (xmax
10 )NNSIABI refers to the maximum displacement of the multi-storey building533

isolated by NNSIABI. According to this result, the proposed NNSIABI has 51.48 % more534

displacement reduction capacity than the traditional base isolator (TBI).535

D10(%) =
(xmax

10 )TBI − (xmax
10 )NNSIABI

(xmax
10 )TBI

(76)

where D10(%) defines the displacement reduction capacity of NNSIABI with respect to536

TBI. The maximum acceleration responses are determined for all structures and listed in537

Table 7. The maximum acceleration responses of the main buildings and the displacement538

reduction capacity of NNSIABI w.r.t TBI (A10(%)) under near-field earthquake base539

excitations have been listed in Table 7.540

A10(%) =
(ẍmax

10 )TBI − (ẍmax
10 )NNSIABI

(ẍmax
10 )TBI

(77)

The histogram of the uncontrolled and isolated structures using their displacement and541

acceleration responses are shown in Figure 29 (a) and Figure 29 (b). The maximum542

dynamic responses of the isolated structures are divided by the maximum dynamic re-543

sponses of the uncontrolled structures. The ratios are applied to obtain the histogram544

diagrams. The histogram plots of the NNSIABI-isolated structures are much smaller545

than the histogram diagrams of the uncontrolled structures and structures isolated by546

TBI. Figure 30 (a) and Figure 30 (b) show the changes in the maximum displacement547

and acceleration of each floor of five-story structures, both controlled and uncontrolled,548

that were subjected to Loma Prieta earthquake recordings with respect to floor levels.549

When compared to the uncontrolled structure, it is shown that TBI and NNSIABI both550

significantly lower the displacement and acceleration responses for each floor. In terms551
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Table 7: Maximum top floor acceleration responses of a ten-story structure ẍmax
10 (m/s2) under near-

field earthquake base excitations, with corresponding acceleration decrease of each optimal isolator with
respect to the uncontrolled building (A10(%)).

Earthquake ẍmax
10 (m/s2) A10(%)

Uncontrolled TBI Matsagar and Jangid (2010) NNSIABI NNSIABI
Irpinia, Italy-01 0.4515 0.4188 0.1932 53.86
Superstition Hills-02 1.1232 1.0663 0.5468 48.72
Loma Prieta 0.7565 0.6425 0.3153 50.92
Erzican, Turkey 1.0892 0.9128 0.5452 40.27
Cape Mendocino 0.9021 0.8409 0.4537 46.04
Landers 0.8337 0.5921 0.1623 72.57
Northridge-01 1.6022 1.4755 0.8028 45.59
Kocaeli, Turkey 0.3923 0.3501 0.1453 58.49
Chi-Chi, Taiwan 1.4864 1.3362 0.4686 64.93
Chi-Chi, Taiwan 0.7874 0.7245 0.3552 50.97
Duzce, Turkey 0.7617 0.6148 0.2692 56.21
Average 0.9024 0.8158 0.3851 52.79
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Figure 29: The bar diagrams of (a) displacement and (b) acceleration of structure isolated by TBI and
NNSIABI.

of total floor responses, NNSIABI offers 57.01% and 54.4 % greater displacement and ac-552

celeration reduction capabilities than TBI during near-field earthquake base excitations.553

Figure 31 (a) and Figure 31 (b) show the changes in the maximum displacement and554

acceleration of each floor of ten-story structures, both controlled and uncontrolled, that555

were subjected to Loma Prieta earthquake recordings with respect to floor levels. When556

compared to the uncontrolled structure, it is shown that TBI and NNSIABI both signifi-557

cantly lower the displacement and acceleration responses for each floor. In terms of total558

floor responses, NNSIABI offers 51.48% and 52.79 % greater displacement and accelera-559
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(a) (b)

Figure 30: The variations of each floor (a) displacement and (b) acceleration of five-storey buildings
isolated by TBI and NNSIABI versus floor number.

tion reduction capabilities than TBI during near-field earthquake base excitations. The

(a) (b)

Figure 31: The variations of each floor (a) displacement and (b) acceleration of ten-storey buildings
isolated by TBI and NNSIABI versus floor number.

560

maximum displacement of the top floor and maximum damping force of the five-story561

building isolated by IABI are lower than those of the uncontrolled five-story buildings,562

as shown by Figure 32 (a) ’s hysteretic curves of the top floor damping force with vis-563

cous damping ratio of each floor ζs as 0.02. A similar trend has also been observed in564

Figure 32 (b). Figure 32 makes the damping force decrease in the NNSIABI-controlled565

structure very evident. In addition, the energy dissipation capacity of each isolator is566

obtained separately to visualise the energy flow within the structures during an earth-567

quake. Therefore, the variations of the normalised energy of structure versus time are568

shown in Figure 33 (a). The kinetic energy, dissipated energy, and potential energy of569
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(a) (b)

Figure 32: The variations of structural damping force versus structural displacement for (a) five and (b)
ten-storey buildings.

the uncontrolled structure is obtained analytically. The potential energy is more than the570

dissipated and kinetic energies and has a range of 6000 to 6200. The maximum amplitudes571

of other energy plots are near the 800 to 900 ranges. In addition, the energy plots of each572

isolated structure are derived. The energy plots of each isolated structure are derived.573

Therefore, the variations of the normalised energy of the structures isolated by TBI and574

NNSIABI versus time are shown in Figure 33 (b) and Figure 33 (c). In Figure 33 (b),575

the potential energy plot has a maximum amplitude of 640, whereas in Figure 33 (c), the576

potential energy plot has a maximum amplitude of 58. The kinetic and dissipated energy577

plots are also following the same trends. The rest of the energy is dissipated outside the578

environment through mechanical energy to thermal energy during earthquake and post-579

earthquake scenarios. Therefore, the proposed NNSIABI is more effective than TBI in580

terms of vibration reduction capacity. In addition, the energy dissipation capacity of each

(a) (b) (c)

Figure 33: The variations of structural energies of five-storey buildings versus time for (a) uncontrolled
structures, structures isolated by (b) TBI and (c) NNSIABI.

581

isolator is obtained separately to visualise the energy flow within the structures during an582
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earthquake. Therefore, the variations of the normalised energy of structure versus time583

are shown in Figure 34 (a). The kinetic energy, dissipated energy, and potential energy584

of the uncontrolled structure is obtained analytically. The potential energy is more than585

the dissipated and kinetic energies and has a range of 4800. The maximum amplitudes586

of other energy plots are near the 40000 to 45000 ranges. In addition, the energy plots587

of each isolated structure are derived. The energy plots of each isolated structure are588

derived. Therefore, the variations of the normalised energy of the structures isolated by589

TBI and NNSIABI versus time are shown in Figure 34 (b) and Figure 34 (c). In Figure 34590

(b), the potential energy plot has a maximum amplitude of 2500, whereas in Figure 34591

(c), the potential energy plot has a maximum amplitude of 1580. The kinetic and dissi-592

pated energy plots are also following the same trends. The rest of the energy is dissipated593

outside the environment through mechanical energy to thermal energy during earthquake594

and post-earthquake scenarios. Therefore, the proposed NNSIABI is more effective than595

TBI in terms of vibration reduction capacity.

(a) (b) (c)

Figure 34: The variations of structural energies of ten-storey buildings versus time for (a) uncontrolled
structures, structures isolated by (b) TBI and (c) NNSIABI.

596

8. Conclusion597

This study introduces the negative stiffness inertial amplifier base isolators (NSIABI)598

for dynamic systems, including single- and multi-degree-of-freedom (MDOF) systems.599

This work also introduces the nonlinear negative stiffness inertial amplifier base isolators600

(NNSIABI) for dynamic systems, including single- and multi-degree-of-freedom (MDOF)601

systems. The exact closed-form formulas for the ideal design parameters of innovative602

isolators are derived using the H2 and H∞ optimisation techniques. For SDOF and603

MDOF systems exposed to harmonic and random-white noise stimulation, the dynamic604

response reduction capability of optimal conventional base isolators is compared to that605

of the H2 and H∞-optimized NSIABI and NNSIABI. To confirm the correctness of the606

H2 and H∞ optimised design parameters, actual earthquake records are utilised. The607

following is a list of the noteworthy outcomes.608

• While the H∞ optimised frequency ratio rises when the base mass ratio and ampli-609

fier’s mass ratio rise, the H2 optimised frequency ratio falls as these ratios rise.610

• While the H∞ optimised damping ratio rises when the base mass ratio and ampli-611

fier’s mass ratio rise, the H2 optimised damping ratio falls as these factors rise.612
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• The H2 and H∞ optimised NSIABI’s dynamic response reduction capability for613

the SDOF system is notably 64.78 % and 77.14 % higher than that of the best614

conventional base isolator when subjected to harmonic excitations. Furthermore,615

H2 and H∞ optimised NSIABI outperform the optimal conventional base isolator616

when exposed to random-white noise excitations by a substantial 88 % and 94.56617

%, respectively.618

• The H2 and H∞-optimized NNSIABI’s dynamic response reduction capabilities are619

considerably 64.66 % and 66.56 % superior to the optimal traditional base isolators620

for the SDOF system isolated by nonlinear negative stiffness inertial amplifier base621

isolators (NNSIABI).622

• Placed at the base of multi-degree-of-freedom systems, including five- and ten-story623

structures, are the linear and nonlinear NSIABI. The findings show that the optimal624

linear NSIABI’s dynamic response reduction capabilities are much higher than the625

optimum conventional base isolators for five and ten-story structures, at 95.06 %626

and 97.80 %, respectively.627

• Furthermore, the best nonlinear negative stiffness inertial amplifier base isolators628

(NNSIABI) are 94.88% and 97.68% better than the conventional base isolators for629

five and ten-story structures, respectively.630

• The real earthquake records are applied. According to that, the proposed NNSIABI631

has 23.42 % and 29.48 % more displacement and acceleration reduction capacities632

than TBI when applied to the SDOF systems.633

• For the five-storey buildings, the proposed NNSIABI has 57.01 % and 54.4 % more634

displacement and acceleration reduction capacities than TBI. In addition, for ten-635

storey buildings, the proposed NNSIABI has 51.48 % and 52.79 % more displacement636

and acceleration reduction capacities than TBI.637

• The outcomes demonstrate how effective IABI is in lowering the near-field earth-638

quake base excitation pulse records. Traditional base isolators’ ability to reduce vi-639

bration declines noticeably as floor levels in multi-story structures rise, mainly over640

ten stories. NNSIABI nonetheless effectively reduces acceleration and displacement641

responses. Additionally successful is NNSIABI’s damping force decrease. NNSIABI642

continues to work after ten stories.643

To the best of the author’s knowledge, the uniqueness of the study is the introduction644

of linear and nonlinear negative stiffness inertial amplifier base isolators, which have not645

been reported in any state of the art. The recently developed mathematical formulas646

for the ideal design parameters of innovative dampers are further noteworthy contribu-647

tions. These mathematical formulas provide the innovative isolators with an ideal design,648

which leads to a strong dynamic reduction capacity for the structures. The use of these649

innovative isolators for the dynamic response mitigation of nonlinear single- and multi-650

degree-of-freedom systems will be the future focus of the research.651
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