J. Mech. Phys. Solids 186 (2024) 105602

Contents lists available at ScienceDirect Journalof the
Mechanics
and Physics
of Solids

Journal of the Mechanics and Physics of Solids Sy i ™

journal homepage: www.elsevier.com/locate/jmps

Check for

Configurational force method enables fracture assessment in soft s
materials

Miguel Angel Moreno-Mateos *, Paul Steinmann *"

a Institute of Applied Mechanics, Friedrich-Alexander-Universitdt Erlangen—Niirnberg, Egerlandstr. 5, 91058, Erlangen, Germany
b Glasgow Computational Engineering Centre, School of Engineering, University of Glasgow, G12 8QQ, United Kingdom

ARTICLE INFO ABSTRACT
Keywords: Configurational mechanics offers a framework for quantifying the tendency of defects to alter
Configurational mechanics the material configuration. When applied to fracture mechanics, configurational forces can be

Material forces

Soft fracture

Finite strains

Numerical methods
Experimental mechanics

used to quantify the propensity of cracks to propagate. An alternative, well-established approach
involves analytical solutions for crack tip displacement fields. However, these solutions typically
apply to a limited range of constitutive behaviors and oftentimes to the linear small strain
regime. The ease of calculating configurational forces in a numerical Finite Element implemen-
tation, along with their applicability to soft fracture at large strains, motivates the study of
their performance as a standalone fracture framework. In contrast to the majority of works
that remain theoretical and numerical, our study includes a robust experimental approach to
configurational forces at finite strains. We report tensile experiments on a soft elastomer with
pre-cuts ante fracture initiation. In a first attempt to approach the J-integral via configurational
forces, we explore the performance of the linear elastic fracture mechanics solutions on
Pacman-shaped domains that reproduce the crack tip vicinity. Then, we implement the entire
boundary value problem with three-dimensional simulations that replicate the empirical tensile
deformation of the soft elastomer samples. Subsequently, the results are benchmarked against
estimations of the J-integral obtained through a bespoke finite strain analytical crack tip
solution. With the successful validation of the configurational force method at finite strains,
we aim to establish a pipeline for the calculation of configurational forces in a standalone
manner and circumventing the need for close-form analytical solutions.

1. Introduction

“What can the configurational force method tell about the J-integral?” This question has been fundamental in prior works in the
scope of configurational mechanics. Now, it can be extended: “Can the configurational force method be applied to soft materials to
calculate J at large deformations?” and most important, “are the results trustworthy?”

Configurational mechanics provides a framework to quantify the tendency of defects to modify the material configuration (Es-
helby, 1951; Steinmann, 2000; Gross et al., 2003; Steinmann et al., 2009; Steinmann, 2022). These changes in material positions
align with a postulate of maximum energy dissipation. The energy released during these modifications can be expressed in terms
of configurational forces, which are either power-conjugated or variationally conjugated to changes in the material configuration.
Consequently, configurational forces are driving forces that act on the material manifold, leading to modifications in the material
positions. These forces are necessary to understand the reaction of a body to the evolution of defects (Podio-Guidugli, 2002).
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Advanced applications of soft materials require robust solutions to withstand damage. Soft materials' exhibit various failure
mechanisms, including cavitation (Lefévre et al., 2015; Fu et al., 2020; Chen and Yang, 2022), fatigue (Tang et al., 2017; Bai et al.,
2019; Li et al., 2020; Sanoja et al., 2021; Zheng et al., 2022), and fracture (Pharr et al., 2012; Taylor et al., 2012; Long and Hui, 2016;
Chen et al., 2017; Hesch et al., 2017; Russ et al., 2020; Yin et al., 2021; Xue et al., 2023), among others. Significant deformations
in applications like fatigue-resistant ligaments (Li et al., 2022), soft polymer-based skin patches (Theocharidis et al., 2022), wound
closure meshes (Gao et al., 2021), bioadhesive skin sensors (Wang et al., 2022; Ma et al., 2022), and skin-inspired hydrogels (Yuk
et al., 2016), can initiate and propagate cracks (Creton and Ciccotti, 2016). Chen et al. (2017) discussed the effect of pre-cuts
on a soft elastomer and its stretching behavior until rupture. More recently, Moreno-Mateos and co-authors proposed magneto-
active elastomers with enhanced fracture performance through magneto-mechanical coupling (Moreno-Mateos et al., 2023b) and
soft dielectric elastomers with modulation of the fracture performance via electro-mechanical actuation (Moreno-Mateos et al.,
2024). Within this context, investigating flaw sensitivity of highly stretchable materials remains an active area of research. Only
with a thorough understanding of the intricacies of soft fracture can failure-tolerant applications be developed.

Established theories to assess fracture mechanics include the energy release rate (Griffith, 1921), the stress intensity factors (Ir-
win, 1957), the J-integral (Cherepanov, 1967; Rice, 1968; Shih et al., 1986), and crack tip opening displacement (Wells, 1961). As
crack deflection criteria for scenarios involving mixed-mode crack propagation, the maximum tangential stress strategy (Erdogan
and Sih, 1963), the strain-energy-density S-factor (Sih, 1974), the maximum energy release rate (Hussain et al., 1974), and the
apparent crack extension force criterion (Strifors, 1974) have been proposed. All these well-known strategies have been mostly
deployed in the domain of Linear Elastic Fracture Mechanics (LEFM), restricted to materials characterized by linear elasticity and
moderate strains. However, when it comes to soft elastomers, their behavior introduces unique challenges. At finite deformations,
the crack tip undergoes significant blunting (Hui et al., 2003; Qi et al., 2019; Lu et al., 2021). In this regard, only a few close-form
solutions address soft fracture with analytical descriptions of the crack contour and crack tip vicinity after deformation (Long et al.,
2011; Long and Hui, 2015).

Computational fracture mechanics encompasses various strategies, some of them grounded in the Griffith-type energy functional
and variational formulation introduced by Francfort and Marigo (1998). Non-local damage models use a history variable and
a non-local equivalent strain (Schreyer, 1990; Peerlings et al., 1998; Jirasek, 1998). A strain measure governs the evolution of
damage. The element deletion method is one of the simplest approaches for fracture simulation within the framework of the
conventional FEM (Song et al., 2008). The FE mesh needs to be modified during propagation and crack propagation is considerably
mesh dependent. With its origin on the cohesive forces which occur when material elements are being pulled apart (Dugdale,
1960), cohesive zone models enable crack propagation through the separation of the surfaces in an extended crack tip zone (Park
and Paulino, 2011; Marigo, 2023; Baktheer et al., 2024). The direction for crack propagation is also restricted by the FEM mesh
and branching is not allowed. The extended finite element method enriches the solution functional space to admit discontinuous
functions (Moés et al., 1999). This modeling approach reduces mesh dependency and eliminates the need to update the FE mesh
to track the crack path. The element-free Galerkin method is a mesh-free model based on moving least-square interpolants where
only nodal data, and not element connectivity, is needed (Belytschko et al., 1995). No remeshing is required to treat a moving
crack but the method does not easily reproduce branching. Phase-field methods for fracture allow for a continuum treatment of the
region through a damage field and a non-local field equation. Among many others, Heider (2021), Kalina et al. (2023), Li et al.
(2023) can be consulted. The approach to model the crack as a regularized diffusive crack enables a continuous treatment of the
fracture and a reduced mesh dependence. The crack direction is unrestricted and remeshing strategies can be employed to reduce the
computational cost, yet guaranteeing the physical consistency of the method. Some existing works advocate energy splits to prevent
unphysical crack nucleation and propagation at compression loads (Miehe et al., 2010b,a). Some others incorporate the notion of
crack nucleation with additional external driving forces (Kumar et al., 2020a; Larsen et al., 2024). Recently, the phase-field method
has been applied to large structures (Lo et al., 2022). Eigenfracture is based on the spectral decomposition of the strain energy
through the definition of an eigenstrain tensor that captures deformations in the presence of a crack (Schmidt et al., 2009; Fan
et al., 2021; Storm and Kaliske, 2023a). This method has been used, e.g., in conjunction with the material point method (Chihadeh
et al., 2023) and permits to model fracture in large deformation problems. Peridynamics frameworks for fracture are based on a
discrete non-local adaptation of classical continuum mechanics (Silling, 2000; Diehl et al., 2022; Javili et al., 2021). The formulation
via interaction forces between material points facilitates capturing singularities. The method allows for complex fracture patterns,
albeit originally with limitations in the Poisson’s ratio. An alternative discrete modeling approach concerns lattice models, e.g., the
one by Braun et al. (2024) based on linear and angular springs. The aforementioned methods are just a few examples among many
others. Overall, as described by Storm and Kaliske (2023b), energetically motivated fracture methods are frequently argued based on
advantages regarding meshing, crack nucleation, propagation, and branching, cohesive and fatigue failure, as well as the possibility
to model processes at the crack gap like friction and heat radiation.

The capabilities of configurational mechanics to describe various types of material inhomogeneities within the continuum
mechanics framework explain its widespread application in numerous fields. Notable examples include the description of dislocations
and crystal plasticity (Peach and Koehler, 1950; Steinmann, 2002; Menzel et al., 2004, 2005; Baxevanakis and Giannakopoulos,
2015), remeshing or r-adaptivity methods (Braun, 1997; Hénap and Szabd, 2017), homogenization (Ricker et al., 2010), nonlinear
structural dynamics (Armanini et al., 2019), and its role in understanding forces driving biomechanics growth (Kuhl et al., 2004;

1 We use the term “soft material” to refer to compliant materials with a stiffness below 100kPa, such as in the case of the elastomeric matrix for ultra-soft
magneto-rheological elastomers in Moreno-Mateos et al. (2022, 2023a).
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Kuhl and Steinmann, 2004; Kirchner and Lazar, 2007; Goda et al., 2016). Nevertheless, it is in the field of fracture mechanics where
configurational mechanics finds the most extensive applications. The domain integral representation of the celebrated J-integral,
which is based on the virtual crack extension technique (Shih et al., 1986), is mathematically identical to the configurational force
approach. Inter alia, Steinmann et al. (2001), Kienzler et al. (2002), Denzer et al. (2003), and Gurtin and Podio-Guidugli
(1996) have postulated laws for crack propagation based on configurational mechanics, where configurational mechanics can
provide a fracture criterion (Zhou et al., 2022). Schiitte (2009) and Frankl et al. (2022) have explained curved crack propagation
using configurational forces and Kolednik et al. (2010) the effects of interfaces on crack propagation and configurational forces.
Moreover, Steinmann (2008) described the role of dissipative configurational tractions on boundaries and the duality of forces
within deformational and configurational mechanics, at surfaces, curves, and points. Based on the momentum balance of the Eshelby
stress tensor, Fischer et al. (2012) described configurational forces at boundaries in fracture mechanics problems and related these
force distributions to the J-integral. Further applications include Ozenc et al.’s exploration of crack branching in dynamic brittle
fracture (Ozenc et al., 2016) and Guo and co-authors’ proposal of a configurational forces-based criterion for mixed-mode crack
propagation (Guo and Li, 2017). Configurational mechanics has also been extended to address fatigue failure (Liu et al., 2020),
with some works integrating the framework with phase field models (Yan et al., 2023). Additionally, inelastic behavior in fracture
mechanics has been addressed, including inelastic material behavior (Nguyen et al., 2005; Néser et al., 2007; Kaliske et al., 2009) and
elasto-plastic creeping materials (Ozenc et al., 2014; Kolednik et al., 2022). To a further extent, configurational mechanics has also
found applications in coupled problems. In this respect, Denzer and Menzel (2014) explored electro-viscoelastic fracture mechanics
and Kuhl et al. (2004) established a framework for thermo-hyperelastic fracture. Lastly, configurational peridynamics is a recent
approach to fracture mechanics, based on the description of Piola-type and Cauchy-type bond-wise interaction forces (Steinmann
et al., 2023). The method leverages configurational forces as a fracture criterion in a peridynamic framework for fracture. These
examples represent a selection of the numerous works that approach fracture mechanics from a configurational vista.

The advancement in configurational mechanics raises the question of whether configurational forces can serve as a standalone
and sufficient framework to describe fracture mechanics of soft materials at finite strains. To be successful, the calculation of
configurational forces at the crack tip must yield a value equal to the J-integral. Subsequently, and for pure mode-I loading, the
configurational force method will allow to circumvent the calculation of the line integration of the Eshelby traction to determine the
J-integral. In the more general case of mode-1/1I loading in plane problems or mode-I/II/III in a 3D problem, the determination of
the configurational forces requires the calculation of line integrals along the crack faces (Schmitz and Ricoeur, 2023). Furthermore,
using configurational forces at finite strains, rather than relying on analytical crack tip solutions, holds promise for accurately
capturing the behavior at large deformations. Here, the results may be as accurate as the constitutive model utilized to solve the
boundary value problem (BVP). Within this context, only a few works have explored the behavior of configurational forces in
a three-dimensional setting (Schmitz and Ricoeur, 2023), and only some have combined experiments and numerics (Guo and Li,
2017). Moreover, to the best of the authors’ knowledge, no work has benchmarked the performance of configurational forces against
experiments on soft materials. We believe that this is a crucial undertaking to enable the use of the configurational force method
in soft fracture applications and to eliminate the reliance on analytical solutions.

In this study, our primary aim is to address the existing challenges associated with the use of configurational forces in the context
of finite strains. To achieve this goal, we present an integrated approach that combines numerical simulations and experimental
investigations conducted on a soft elastomer material. In the experimental setting, precut samples made of a soft elastomer are tested
under tensile deformation. This is on the basis for the calibration of the constitutive model and for the digital image correlation
(DIC) analysis to explore the deformation of the crack tip vicinity. Subsequently, the configurational forces are calculated from
BVPs designed to replicate the experimental samples featuring initial pre-cuts. To ensure that the deformation at the crack tip
vicinity replicates the experimental observations, we calculate the error between the numerical and experimental displacement fields.
Eventually, the configurational forces are validated with numerically-estimated values of the J-integral. These estimations of J are
based on displacement fields solved in the boundary value problem and the finite strain solutions of Long and Hui (2015), during
the loading event and ante crack onset.” Our primary objective is to validate the configurational force method and demonstrate its
effectiveness as a substitute for the conventional approaches to calculate the J-integral at finite strains. By achieving this validation,
we aim to pave the way for future applications where configurational forces can be calculated using advanced constitutive modeling,
serving as a standalone framework for finite strain analyses.

This manuscript is organized as follows. To set the stage, the experimental setting and the soft elastomer investigated are
presented in Section 2. Then, the continuum mechanics framework is given in Section 3. The constitutive framework to solve the
direct motion problem is addressed first, followed by a brief recap of configurational mechanics. These provide the background
for the Finite Element (FE) BVP and the foundations for the calculation of the configurational forces. Then, Section 4 presents
a preliminary, yet highly instructive, approach to the relationship between the configurational forces and J within the scope of
LEFM. The most interesting finding here is the relatively high accuracy of a linear elastic crack model even in the case of large
deformations, where the prerequisites for asymptotic crack tip fields of LEFM are intuitively expected to be severely violated. We
employ three-dimensional Pacman-shaped domains to replicate the crack tip vicinity. Afterwards, the real samples and the tensile
loading test motivate the calculation of configurational forces in Section 5 using a BVP that replicates the real experiment. Section 6
offers a validation of the configurational force method with values of J estimated from the numerical displacement fields of the BVP
and finite strain crack tip solutions. Lastly, in Section 7, we provide a comprehensive discussion and an outlook for future research.

2 Note that it is not the object of this work to explore the evolution of the material configuration during crack propagation, but only up to crack onset.
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Fig. 1. Deformed VHB samples featuring pre-cuts and with a surface speckle pattern ante fracture onset. The low stiffness and high stretchability of the
elastomer produces a blunt crack contour. The application of a speckle pattern is fundamental for the digital image correlation (DIC) analysis.

2. Experimental observations

The experimental determination of the J-integral has been pursued in numerous prior works, including the studies by Hocine
et al. (2002), Ma et al. (2006), Simha et al. (2008), Barati et al. (2010), and Hedan et al. (2011), among others. Customary
experimental approaches based on DIC to estimate J require the differentiation of the displacement fields to obtain the strain
fields, apply constitutive arguments to estimate the stress fields, and eventually perform the contour integral of the Eshelby
stress (Vavrik and Jandejsek, 2014). This conventional approach entails several drawbacks, namely that the use of two-dimensional
DIC displacement fields to calculate a stress field can lead to important deviations from the real structural behavior. In this work,
we propose a more convenient alternative method based on the configurational force method (Steinmann et al., 2001). To embark
on this approach, we begin by introducing the experimental setting, which lays the groundwork for understanding the challenges
and establishing the foundation for calculating J. The experimental framework involves the use of soft elastomeric samples with
pre-cuts, tensile tests, and DIC analysis.

A set of tensile tests were performed on the soft elastomer VHB™ 4905 tape (3M™, Saint Paul, Minnesota, United States) (Ahmad
et al., 2019; Liao et al., 2020). Rectangular samples were prepared with a width (w) of 10mm, and thickness (r) of 0.5 mm. With
the use of a blade, pre-cuts of different lengths were applied on the samples. The crack-width ratio (¢/w) parameter, defined as the
length of the pre-cut divided by the width of the sample, takes the values of 0.1, 0.2, 0.3, 0.4, and 0.5to refer to the pre-cuts of
lengths (¢) of 1 mm, 2 mm, 3 mm, 4 mm, and 5 mm, respectively. Next, the surface of the sample is coated with a speckle pattern to
allow for DIC analysis. The pattern is applied with acrylic black spray paint and renders a resolution of 0.2 mm. Fig. 1 showcases
the surface speckle pattern on deformed samples.

Once the samples are prepared, they are mounted in an universal tensile machine (Inspekt S 5 kN, Hegewald & Peschke, Nossen,
Germany) with an initial distance between the clamps of /, = 30mm and are tested with a quasi-static constant loading rate of
y = 0.02mms~! or, in an alternatively terminology, a strain rate (y/l;) of 6.7 x 10™*s~!. The force-displacement data are stored
during the test and up to full rupture. Fig. 2 shows the results as tensile curves for all the crack-width ratios after five repetitions
for each test condition.

During the tensile tests, images of the surface of the samples are acquired. A monochromatic CCD sensor (DCS 2.0, LIMESS
Messtechnik & Software GmbH, Germany) with a resolution of 1024 x 768 and a lens with focal range > 50 mm and aperture 2.8-16
(2.8/50-0902 Xenoplan, Schneider Kreuznach, Bad Kreuznach, Germany) were used to capture the crack tip and surrounding area
during the deformation of the sample. Afterwards, the open source Matlab NCorr suite (Blaber et al., 2015) was used to calculate the
displacement fields, with a resolution of 0.07 mm/pixel. The analysis is performed with a subset radius of 12 pixel, in a backward
manner setting the initial region of interest on the final deformed picture in order to facilitate the identification of the crack contour,
and updating the reference image (as well as the region of interest) to deal with the large strains.

The DIC fields are associated with specific loading stages (displacement of the clamp) ante crack onset and are grouped according
to the crack-width ratio. Fig. 3 presents five illustrative examples for displacements of 112 mm, 78 mm, 61 mm, 59 mm, and 48 mm,
respectively for ¢/w values from 0.1 to 0.5. The Lagrangian displacement fields (u,) in Fig. 3a are presented after an offset correction
that renders null vertical displacement at the crack tip. In addition, the yy-component of the Euler-Almansi® strain field (ey,) is
calculated and shown in Fig. 3b by differentiating the displacement fields. It can be observed how the strain concentration at the
crack tip vicinity increases with the length of the pre-cut.

In the next section, we will describe the continuum mechanics and numerical frameworks necessary for calculating configura-
tional forces via the configurational force method.

3 The Euler-Almansi strain field referenced to the spatial configuration is defined as e = % [i - b*‘], with i the second-order identity tensor and b =F-FT the
left Cauchy-Green deformation tensor.



M.A. Moreno-Mateos and P. Steinmann Journal of the Mechanics and Physics of Solids 186 (2024) 105602

0.6+

o
o

0.6 1
c/w=10.1 c/w=0.2 c/w=10.3

Force [N]
=] (=] < (=]
(5] W E W
Force [N]
o o < o
(5] W ~ W
Force [N]
= =1 =1 =3
(8] w E W

=3
=3
=3

o
o
o

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Displacement [mm Displacement [mm Displacement [mm
a) P [mm] b) P [mm] o) p [mm]
067 - - - - - 067 - - - - -
c/w=10.4 c/w=0.5
0.5+ 0.5r

Force [N]
(=] (=] =]
(8] w -

Force [N]
o o o
S

T
=)

ol . . . . . ol . . . . .
0 20 40 60 80 100 0 20 40 60 80 100

d) Displacement [mm] ) Displacement [mm]

Fig. 2. Results for tensile tests up to fully rupture of elastomeric samples. (a) Force-displacement curves from tensile tests on samples feature pre-cuts

with crack-width ratios ¢/w = {0.1,0.2,0.3,0.4,0.5}. The shaded areas quantify the scatter of the experimental results: five experiments are performed for each
test condition.

3. Continuum mechanics: constitutive and numerical framework

The kinematic description of a continuum involves establishing a relationship between the positions of physical points before
and after the application of load. In the absence of loads, the state of the continuum is defined by the material positions in the
material configuration. After undergoing deformation due to external loads, the spatial positions of the continuum in the spatial
configuration need to be determined. The parametrization of the kinematic and energetic quantities in terms of the material
positions is commonly known as spatial motion problem or rather as deformational mechanics. In the material motion problem or rather
configurational mechanics, the kinematic and constitutive measures are akin to those employed in the direct motion description
but are parametrized in terms of the spatial positions of the continuum. Central to configurational mechanics is the notion of a
stress—energy tensor, which is related to configurational forces. Just as spatial forces are associated with the deformation of the
continuum, configurational forces drive changes in the material configuration, leading to an associated release of energy.

3.1. Spatial motion problem: Kinematics, balance laws, and constitutive relations

The deformation of the medium is formulated in a finite strain framework. In the spirit of the spatial or direct motion description,
the displacement field u (X) maps the positions in the material configuration X € Q,, with boundary 9, to the positions in the
spatial configuration x € 2 according to x = ¢ (X) = u(X)+X. The deformation gradient is defined as F = Vyu+1, with I the second-
order identity tensor and V,, the gradient operator in the material configuration. Fig. 4 illustrates the direct kinematic description.
Following the multiplicative isochoric-volumetric decomposition F = F,, - F, the volumetric part is defined as F,, = [det F]'/* T and
the isochoric part as F = [det F]"!/3 F, where det F denotes the determinant of F.

The energy density per undeformed volume of the system consists of isochoric and volumetric contributions, according to a
decoupled representation

¥(F) = W0 (F) + P (det F). €Y
The potential energy functional IT is defined as
IT (1) = Mipe () + Mgy (W) =/ ¥ (F (w) dV—/ bo-udV—/ ty - udA, @
2 2 pren

with b, and t; the body and surface forces, respectively.
The governing field equation can be obtained through the principle of stationary potential energy, which requires that the first
variation of the total potential energy functional vanishes for any admissible virtual displacement &u,

=/ m:VoéudV—/ b0~5udV—/ t0~6udAé0. 3)
=0 Jg, OF 2 092

5

d
o, 01 = al’[(u + Adu)
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Fig. 3. Displacement and strain fields obtained via digital image correlation on VHB samples featuring different pre-cuts. The fields are depicted in the
spatial (deformed) configuration, i.e., Euler displacement field and Euler—Almansi strain field, and correspond to a total displacement of each sample of 112 mm,
78 mm, 61 mm, 59 mm, 48 mm, respectively for the crack-width ratios (¢/w) of 0.1, 0.2, 0.3, 0.4, and 0.5.

9(X)
X e Q, X € Q
Material /\ Spatial
configuration F=V,p configuration

v

Fig. 4. Kinematics of the spatial motion problem. The direct deformation map and direct deformation gradient relate the material configuration (£2,) to the
spatial configuration (£2).
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Fig. 5. Kinematics of the material motion problem. The reverse deformation map and reverse deformation gradient relate the spatial configuration (£2) to
the material configuration (£,).

From the previous requirement, in the absence of body and surface forces, and identifying the Piola stress tensor as P =
op? (F (w)), the field equation reads

V,-P=0, “

with V- the divergence operator in the material configuration.
Next, let us define the constitutive relations. The isochoric contribution in Eq. (1) is here defined by the Generalized neo-Hookean
(GNH) model as a function of the isochoric deformation gradient,

o (F) = £ [[14 2 [1: [F-7] =] -], ®)

where G = 3 kPa is the shear modulus and n = 1.05 and b = 1.05 are parameters of the GNH model calibrated in Appendix A for the
acrylic polymer VHB™ 4905 tape.
Furthermore, the volumetric contribution is a function of the Jacobian of the deformation gradient,

¥, (det F) = g [detF — 172, (6)

with bulk modulus x = 100kPa, chosen several orders larger than G on the argument that polymer materials are nearly
incompressible. For VHB tape, Hossain et al. (2012) can be consulted.

The Piola stress tensor can be derived from the energy density as the addition of isochoric and volumetric contributions,
P =P, +P,,, where the isochoric contribution is obtained as

a?’iS(;JF(F) = [det F]"'/3K : a‘l’is;;f> = [det F]"'/3K : GF [1 +s [I . [fT F] _3“"*1’ 7)

Py, =

with the fourth-order projection tensor K =1 — %F‘T ® F, and the volumetric contribution,

_ 0¥ (F) — det F 0¥01 (F)

P = —_vol i’
vol oF ddetF

FT =k [[det F1* — det F| F~". ®)
3.2. Material motion problem: Kinematics & Eshelby stress

Configurational mechanics lies in the reformulation of the kinematics and projection of the balance equations to the material
manifold. The definition of the Eshelby energy-momentum tensor* in the material motion description is in the heart of the theory.
In this alternative kinematic approach, the coordinates in the material configuration (X) are mapped from the coordinates in the
spatial configuration (x) as X = ¢ (x). Consequently, the inverse deformation gradient is defined as f = V¢ (x), with V the gradient
operator in the spatial configuration. Fig. 5 illustrates the material motion kinematic description.

Remark. The direct and inverse deformation gradient are related as F~! = fog (X) and f~! = Fo¢ (x), where o denotes the composi-
tion operation. O

Akin to the energy density ¥ (F; X) defined in £, an energy density y = y (f, ¢) can be re-defined per unit volume in £, so that
¥ ~ [det F] w. This new energy density serves as a potential for the Eshelby stress tensor (Eshelby, 1951; Kienzler and Herrmann,
1997) in the material configuration through a push-back operation,
gy ()

of

with coff = [det f]f~T the cofactor of the reverse deformation gradient.

Z() = [coff] ", ©)

4 Different derivations of the Eshelby stress tensor, also known as energy-momentum tensor, are given in literature (see, e.g., Eshelby (1975), Braun (1997)).
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Furthermore, the stress tensor can be reformulated in the form of the Eshelby energy—-momentum tensor (Eshelby, 1975) as a
function of the direct deformation gradient

i d
ZF) =¥I-F. 10
F) = F (10)

The energy-momentum tensor in Eq. (10) allows to calculate the Eshelby stress via post processing based on the solution of the
spatial motion problem.

3.3. Numerical aspects: The configurational force method

The material motion problem can be discretized via FE to obtain configurational forces at the nodes of the discretization by
elements in B, € 2, (Steinmann et al., 2001). The configurational force at global node A can be calculated using the material
gradient of the global node A basis function (N4), the Eshelby stress tensor (X), and the FE assembly operator A:ill over all
elements

el

Flp A/ 2. V,NAdv. an

The physical meaning of the Eshelby stress in Eq. (10) can be further discussed (Eshelby, 1999). Overall, configurational forces
are associated with the tendency of an elastic structure to undergo a change in its material configuration, leading to alterations in
its potential energy. A number of variational frameworks have been proposed to explain the physical sense of configurational forces
acting on material inhomogeneities. Among others, the seminal one by Strifors (1974) and the recent one by Schmitz and Ricoeur
(2023) can be consulted. In an arbitrary part of a body containing a crack that « that undergoes a virtual extension &%, let F¢, . be
a configurational force acting on the defect. As a consequence of the variational setting, the structure reduces its potential energy
by Fiyp - 6%, which is the virtual work done by the configurational force at the defect. This work is equal to the reduction of the
total potential energy (dissipation) originated by the virtual crack extension. The variational energy balance is set as the difference
between the decrement of the internal energy density and the reversible virtual work for the virtual extension 6%. From this energy
balance, the Eshelby stress tensor can be extracted in its energy-momentum tensor representation.

The numerical features of the spatial FE discretization play a major role. Since a FE scheme is itself an approximation to the
continuum setting, spurious configurational forces may arise on nodes at the contour and inside the bulk material. To mitigate such
inaccuracies, the FE spatial discretization needs to be fine enough (Rohracker et al., 2023). Furthermore, the nature of the basis
functions utilized for the Galerkin discretization affect the accuracy of the method. In the present work, we employ continuous
piecewise quadratic polynomials, which provide a better approach than linear ones. The open source FE suite FEniCS with the
NonLinearVariationalProblem (Logg et al., 2012) is used to solve the BVPs. The description of the bespoke BVPs to be solved will
be completed in the following sections.

4. LEFM crack tip analytical solutions on Pacman-shaped domains

We begin with a preliminary theoretical and numerical approach to assess the effectiveness of the configurational force method
in determining the J-integral. The strategy is rooted in the well-established LEFM crack tip solutions applied up to the finite
strain regime. Moreover, we opt for a three-dimensional implementation to emulate the nearly plane stress conditions in the thin
experimental samples.® Within this context, we introduce a BVP based on Pacman-shaped domains that reproduce the crack tip
vicinity. The outer circumferential surface of the domains is subjected to displacement boundary conditions according to the LEFM
crack tip solution, which is parametrized in terms of the J-integral. Subsequently, the displacement field inside the crack tip domain
is solved via the FE method and the nodal configurational forces are calculated with the post-processing algorithm detailed in
Section 3.2. Then we sum the configurational forces acting on the nodes at the crack front and calculate the force per unit thickness.
The resultant value can be benchmarked against the value of J prescribed to deform the Pacman-shaped domain.

4.1. J-Controlled displacement prescribed on external contour

The mode-I plane stress LEFM solution for the crack tip displacement field is a function of polar coordinates: radius (r) and angle
(), with origin the crack tip, defined in the material configuration (see Fig. 6¢ for an illustration of the reference frame).
The horizontal (u,) and vertical (uy) displacement fields in terms of J read

J[1+v] [

Gn:[l—v ~—cos2Z| and u, = Jli+vl \/_ [——cos - 12)

v Gzr[l—v2

5 Note that the implementation of the plane strain condition has been explored with a simplified 2D implementation by Steinmann (2022).
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Fig. 6. External contours of Pacman-shaped domains replicating the crack tip vicinity after deformation according to LEFM displacement solution for
a number of radial coordinates. (a) Contours for plane stress deformation hypothesis for radial coordinates r = {0.5,1,2,5,10} mm and (b) detail on the small
coordinate r = 0.2 mm. The contours adopt a lobe-like shape as the radius decreases. (c) Cartesian and polar coordinates referred to the material configuration.
A same value of J = 1x 107> Nmm™ is used.

where the constitutive parameters are the small strain shear modulus (G) and the Poisson ratio (v). Note that this solution arises in
the spirit of the neo-Hookean constitutive model restricted to small strains and under mode-I loading. In order to use meaningful
constitutive values, we make again a reference to Appendix A to take G = 3kPa and x = 100kPa.®

Upon examining the LEFM solution, it becomes evident that the radial coordinate is subjected to the well-known square-root
dependence. Next, let us define circular domains of radii (r) 0.2, 0.5, 1, 2, and 5, and map them by the displacements in Eq. (12) to
the spatial configuration. Note that the shape of a deformed contour is not solely contingent on the magnitude of J but also on the
value of r. Fig. 6 provides a visual representation of various contours for radii ranging from 0.2 mm to 5 mm. The contours illustrate
the large extent of crack opening in spite of a small loading determined by J = 1 x 1072 N mm~!. All these profiles will be employed
in the following section to set the boundary conditions on the FE Pacman-shaped domains.

4.2. Configurational forces versus prescribed J-integral

Tensile (mode-I) loading of a structure with a crack leads to the progressive deformation of the crack tip and the subsequent
increase of J. In our FE framework, increasing values of J are taken as the input to control the deformation of Pacman-shaped
domains with radii r = {0.2,0.5,1,2,5} mm and respective thicknesses of r = {0.1,0.25,0.5,1,2.5} mm. The FE model is solved on the
same mesh, where the nodal coordinates are scaled according to the radius.” The 3D mesh comprises 34 823 tetrahedral elements and
benefits from double symmetry in the x-z plane at the crack and x—y plane at half the thickness to reduce the computational domain
to one fourth of the total Pacman-shaped domain.® Note that the calculation of nodal forces on the symmetry planes is consistently
performed in accordance with symmetry arguments. Besides, the mesh is refined with an element size half the size in a cylindrical
region centered at the crack tip with half the radius of the mesh. The loading is performed as a line ramp with incremental values of
J ranging from zero to 1 x 102 Nmm~!. Fig. 7 contains a representative Pacman-shaped domain for » = 1 mm and ¢ = 0.5 mm after
deformation on which the nodal configurational forces are illustrated with vectors. We depict the results for three loading stages
corresponding to three values of J: 1 x 10 Nmm~!, 1 x 10~*Nmm~!, and 1 x 10~> Nmm~!. An inspection of the forces at the crack
front and its vicinity leads to several observations.

Let us make a distinction between physical and spurious configurational forces. The first ones are those actuating on defects with
the ability to drive changes in the material configuration. The last ones are nodal forces that actuate on the nodes of the FE mesh
as a consequence of the approximated nature of the FE method itself and the spatial discretization, but lack a physical meaning

6 The Poisson ratio and the bulk modulus are related via v = f[;‘;i(c;] For G =3kPa and x = 100kPa, v = 0.485, which suffices to model nearly incompressible

material behavior. Alternatively, the use of a Poisson ratio approaching 0.5 in the limit J — 1 requires proper numerical treatment to alleviate volumetric
locking. The Lagrange-multiplier method in two- and three-field variational schemes are customary approaches to eliminate this difficulty (Brezzi and Fortin,
1991; Simo et al., 1985). We have verified that the compressible effects introduced by the use of a lower bulk modulus are negligible and, instead, the model
has better numerical performance.

7 Note that the use of a common mesh prevents numerical variability when comparing the different domains.

8 As an alternative, 2D simulations would allow the implementation of the plane stress assumption with reduced computational cost. Nevertheless, we believe
that 3D simulations can be better motivated by the experimental observations in Section 2 and the actual dimensions of the soft-elastomer samples, specifically
the thickness of the samples (+ = 0.5mm). In addition, note that double symmetry enables high numerical accuracy with significantly reduced computational
times—less than one hour for each simulation.
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Fig. 7. Configurational forces in a crack-tip Pacman-shaped domain replicating the crack tip vicinity. The domain, with radius »r = 1 mm and thickness
t = 0.5 mm, is subjected to J-controlled displacement boundary conditions on its external (circumferential) contour according to the LEFM analytical solutions.
The color of the vectors representing the forces indicate the magnitude of the horizontal component of the force, i.e., Foypy- Zoom details of the nodal forces
at the crack tip are included. The constitutive model used to solve the deformation of the domain is neo-Hookean, i.e., n = 1.0 and b = 1.0.

in the continuum mechanical setting. Within this context, only the forces at the crack tip front edge have a physical meaning in
terms of driving forces. As it can be noticed from Fig. 7, the presence of spurious forces is more relevant at lower values of J.
When the loading increases and the crack mouth further opens, the physical configurational forces prevail and the spurious ones
are negligible. To get a better approximation of J, however, we add up the spurious configurational forces in a region surrounding
the crack tip to the crack tip physical forces, as it is described in Denzer et al. (2003).

Each loading step enables two visions: (i) a value of J-integral renders the deformation of the crack tip Pacman-shaped domain
and (ii) the constitutive response of the domain results in configurational forces at the crack tip. The total configurational force
Fenr can be calculated adding up the forces at the nodes within the evaluation domain, including the crack edge.’ The division of
the total force by the thickness yields the configurational forces per unit tl'ﬁckness, wh?se magnitude can be compared to J in the

spirit of J = — Zi FéNF / [ ds and the configurational dissipation Feyy - 6 <0and J- 830, with C the number of nodes within the
crack tip evaluation domain and & and extension of the crack.’’ Note that the integral simplifies to the thickness for a crack front
aligned with the thickness direction. This comparison allows to assess the performance of the configurational force method, in such
a way that the configurational force is expected to approximate J. Provided the limitations of the LEFM solution, one can expect a
trustworthy performance only in the small deformation regime. In spite of this theoretical limitation, we extend the analysis to the
finite deformation regime.

The results are presented as Foyp — J curves in Fig. 8a (and detail for small values of J in Fig. 8b) for the contours and radial
coordinates introduced in the previous section. Up to a value of J of about 1x10~* Nmm~!, the configurational force matches J with
a rather small relative error (lesser than 5%) for the domains with radii of 0.2 mm, 0.5 mm, 1 mm, and 2 mm. For the radius of 5 mm,
the agreement is quite satisfactory, with the Fcyp curve aligning closely with the diagonal, for which Feyp = J. Note that decreasing
radii annul the validity of the Pacman-shaped domains due to the crack tip singularity in the LEFM analytical solution. Furthermore,
as shown in Fig. 6, the agreement not only applies to the small deformation regime but extends to significant deformations. This
is a quite interesting finding since the prerequisites of asymptotic crack tip fields of LEFM are intuitively expected to be severely
violated. However, values of J that are even larger result in more significant disagreements and a larger sensitivity to the radius of
the domain.

For the reader interested in the influence of the spurious forces around the crack tip, we have additionally performed the crack
tip evaluation of the configurational force in Appendix B. To that end, we present the configurational force solely as the summation
of the configurational forces at the crack front edge, i.e., without summing the spurious forces. Fig. B.14 presents the Foyp—J curves

9 The y- and z-component of the total configurational force (Fonry and Feyp,, Tespectively) vanish due to the symmetry of the loading state (mode-I) and
the symmetry of the computational domain. Therefore, the magnitude of the total configurational force (Fqyg) is obtained adding up the x-component of the
configurational forces on the target nodes. In the following, Foypy will be simplified to Feyg.

10 The evaluation domain in which the configurational forces are added up to render a total configurational forces is defined for r < 0.5Rpaeman> With Rpaeman
the radius of the circular domain and r the radial coordinate centered at the crack tip.

10
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Fig. 8. Evolution of the total configurational force on the Pacman-shaped domains subjected to J-controlled loading. (a) The evolution of Fy is plotted
against J for the all the radii and thicknesses utilized to define the Pacman domains: r = {0.2,0.5,1,2,5} mm and ¢ = {0.1,0.25,0.5,1,2.5} mm, respectively for
each domain. (b) Detail for small values of J. The total force Fiy; is obtained adding up all the nodal forces at the crack edge. In addition, the spurious forces
located at r < 0.5Rpueman> With Rp,eman the radius of the circular domain and r the radial coordinate centered at the crack tip, are added up to the physical
forces at the crack front edge according to the domain evaluation method. The constitutive model is neo-Hookean (n =1, b =1).

for the same array of radii and loading of the Pacman domain. Overall, the tendencies and quantitative behavior of Fqoyp resonate
with the results in Fig. 8, with slightly lesser values.

The use of Pacman-shaped domains is instructive as a first approach to explore the relationship between configurational forces
at the crack tip vicinity and the J-integral. Nonetheless, the strategy is subjected to LEFM solutions, which have been applied up
to the finite deformation regime. Therefore, as it can be observed in Fig. 8a for large values of J, the agreement between Fqyr and
J is less precise for larger deformations. This fact motivates a more sophisticated approach to link Foyr and J at finite strains.

5. Configurational forces via comprehensive boundary value problem

While the study of the crack-tip Pacman-shaped domain served as a valuable initial step in establishing a link between
configurational forces and the well-established LEFM theory, it falls short of providing a robust connection with the experimental
observations. In this section, we take a step forward. Instead of modeling solely the crack tip vicinity, we employ a BVP that replicates
the complete geometry of the real sample under tensile loading. This approach, coupled with the use of a more sophisticated
constitutive model with strain hardening, brings the deformation at the crack tip vicinity closer to the real samples. On this basis,
the configurational force method yields results that are closely representative of the real setting. To validate that the deformation
of the crack tip adjoining area replicates the experimental observations with sufficient accuracy, we calculate the error between the
numerical and experimental displacements.

5.1. Virtual experiment

A more robust connection between experimentation and configurational forces requires solving via the FE method a BVP that
models a rectangular sample with a pre-cut subjected to tensile loading.!'! The FE mesh mimics the geometry of the samples
introduced in Section 2. The length of the virtual sample is 30 mm, i.e., the initial distance between the clamps in the experimental
setting. In addition, a discontinuity in the middle region of the mesh allows to reproduce the pre-cuts and the initially sharp crack
tip. Five meshes are created with a number of tetrahedral elements of 25282, 29786, 33913, 39328, and 42239, respectively for
the crack-width ratios (¢/w) from 0.1 to 0.5, and benefiting from symmetry in the x—z plane at the crack and x—y plane at half the
thickness to reduce the computational domain to one fourth of the total sample. These different values owe to the different ways
in which the mesh refinement around the crack tip is done: a box 0.5 mm above and below the crack and with a margin of 1 mm
to the crack tip with elements times 0.25 the size of the outer elements. A FE solution scheme akin to the one used to solve the
Pacman-domain computations is implemented. Here, however, the GNH model with a strain hardening exponent is calibrated and
used to better capture the material behavior.

11 We refer to the in silico framework that reproduces the experimental setting and sample as “virtual experiment” and “virtual sample”.

11
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Fig. 9. Nodal configurational forces at the crack tip vicinity on virtual rectangular samples featuring pre-cuts. The implementation replicates the
experimental samples and the testing tensile loading setup. (a) Virtual sample after deformation including the vector configurational forces at the nodes of the FE
mesh, which are prominent at the crack front. (b.1-5) Detail of the configurational forces at the crack contour in virtual samples featuring pre-cuts of different
lengths and a same total displacement of the clamps of 4y = 10 mm and (c.1-5) 4y = 80 mm. The arrows representing the nodal configurational forces are scaled
to render similar visual dimensions, with scale factors of 1, 1.7, 2.4, 3.1, and 3.8, respectively for ¢/w from 0.5to 0.1 (b.6) Total configurational forces per unit
thickness for all the crack-width ratios and a same total displacement of the clamps of 4y = 10 mm and (c.6) Ay = 80 mm.

As for the Pacman-shaped crack tip domains, the largest configurational forces manifest at the crack front. To illustrate this
result, Fig. 9a provides a visual representation of the configurational forces on a virtual sample undergoing tensile deformation. To
dig further into this behavior, Fig. 9 showcases the crack contour and crack tip vicinity for the different crack-width ratios. Two
loading stages, i.e., displacement of the clamps, are chosen to explore the forces at two stages of deformation of the crack contour:
Stage A of 10mm and Stage B of 80 mm. In accordance with the earlier distinction of physical and spurious configurational forces,
these illustrations display nearly negligible spurious forces and, consequently, emphasize the prevalence of physical forces. A visual
inspection reveals the presence of only minor vertical spurious forces in the nodes adjacent to the crack front.

A matter of interest is the comparison of the configurational forces across the array of crack-width ratios while maintaining the
same displacement of the clamps. The reader may note that the arrows representing the nodal configurational forces are scaled and
do not maintain the proportion between the different cases for each crack-width ratio. Moreover, and unless the number of nodes
in the thickness direction is the same, the comparison of individual nodal forces is meaningless. A sound comparison requires the
calculation of the total configurational force by adding up all the nodal forces at the crack front and then dividing the resulting
value by the thickness of the sample. The bar-plots in Figs. 9b.6 and c.6 contain the results for all the crack-width ratios and the
respective loading stages. For the same displacement of the clamp, the magnitude of the configurational force increases by more
than a 350% from the shortest pre-cut (c/w = 0.1) to the largest one (c/w = 0.5). The values of Fqyp for ¢/w values from to
0.1 to 0.5, respectively, and loading Stage A are 2.4 x 10> Nmm™!, 49 x 10> Nmm~!, 7.1 x 10> Nmm~!, 8.6 x 10> Nmm~!, and
10.8 x 103 Nmm~!. For the loading Stage B, Foyp is 0.064 Nmm™!, 0.129Nmm~!, 0.192Nmm~!, 0.231 Nmm~!, and 0.309 Nmm™!.
Akin to stress intensity factors for stress evaluation in LEFM, the crack tip configurational force increases with strain concentration,
here with the crack length.

An alternative insightful way to present the results involves plotting the evolution of the crack front configurational force as a
function of the clamp displacement. These plots are included in Fig. 10 as Fpyp—displacement curves for displacement values from

12
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Fig. 10. Configurational force at the crack tip as a function of the displacement of the clamps. The results cover all the crack-width ratios: ¢/w =
{0.1,0.2,0.3,0.4,0.5}. In addition, the displacement for crack onset is estimated from Fig. 2 for each crack-width ratio and indicated with an arrow. The values
of Foyp associated to fracture onset denote the material inherent critical value for fracture onset, Foyyc-

zero to the maximum displacement admissible before crack onset.'? As it can be observed, for a same loading stage, larger crack
lengths produce a more intense stress concentration, hence larger values of the configurational force. For an illustrative displacement
of 40mm, and respectively for the crack-width ratios from 0.1 to 0.5, the configurational force is 0.021 Nmm~!, 0.043Nmm~',
0.063Nmm~!, 0.078 Nmm~!, and 0.100Nmm~".

The curves depicting the crack tip configurational force and the displacement at fracture observed experimentally allow to deduce
a critical value of the configurational force for fracture onset. The evolution of the crack tip configurational force is dependent on
the boundary conditions, namely the loading state and severity of the material inhomogeneity, akin to classical strength evaluation
via, e.g., stress intensity factors. The critical configurational force for fracture onset, denoted here as Fgyp,c, is, however, material
inherent and does not depend on geometry, stress state, and loading condition. If we leverage the Foyy curves and annotate the
displacement for fracture onset, a same material inherent (c/w-independent) Feyp ¢ value is expected. As it can be appreciated in
Fig. 10, fracture onset occurs along the different crack-width ratios for a convincingly similar value of the configurational force of
0.19Nmm~!, where the small scatter owes to the experimental variability to determine the displacement for fracture onset. This is
a key point enabling the use of nodal configurational forces for strength evaluation in fracture criteria.

5.2. Experimental validation of the crack tip displacement fields

The deformation in the crack tip vicinity is complex and cannot be solely determined through calibration based on tensile tests
performed on uncut, bulk samples. However, a good reproduction of the crack adjoining area is paramount to render reliable values
of J. To assess the quality of our constitutive model, next we explore the error between the numerical and experimental surface
displacement fields. To do that, we calculate the absolute error between the fields within a region of interest around the crack
tip. The results, which are presented in Fig. 11 for the undeformed (material) and deformed (spatial) configurations, pertain to
the vertical and horizontal fields. To enable comparisons between different crack-width ratios, we normalize the error measure by
dividing it by the grip displacement. As observed, the error remains below 2% for crack-width ratios of 0.1 and 0.2, and below 10%
for all cases. Equally important is the fact that the error does not increase in the vicinity of the crack tip, indicating a satisfactory
level of accuracy in this complex area. The areas where the error increases can be justified by the choice of the GNH constitutive
model and the fact that the material does not perfectly adjust to this constitutive assumption.

6. Validation of J-integral via finite strain analytical solution
The bespoke BVP introduced in the previous section successfully reproduces the experimental observations on the soft elastomer

samples. This is a prerequisite for applying the configurational force method to approximate J. In the following, we present a further
validation based on an alternative estimation of J with a finite strain analytical crack tip solution.

12 The numerical BVP does not model crack propagation. Instead, the displacement value that produces fracture onset is identified from the experimental
results.
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In a similar manner that the LEFM close-form expressions relate the displacement field at the crack tip vicinity to the stress
intensity factors and J-integral (see previous Section 4), Long et al. (2011), Long and Hui (2015) proposed analytical solutions to
define the coordinates of the crack contour after finite strain mode-I deformation and accounting for strain hardening/softening. Such
relations allow to estimate J by fitting the vertical displacement field, following a similar approach as described in Moreno-Mateos
et al. (2023b). Here, this strategy will be used to determine values of J from the crack tip displacement fields solved in the virtual
experiments (Section 5.1). Subsequently, these values will be compared to the configurational forces.

The crack tip solution postulates that the deformed coordinates in the crack tip vicinity where r — 0 are a series of functions of
the polar coordinates in the material configuration. This allows to mimic the crack tip blunting that occurs in elastomers in the large
deformation regime (Spagnoli et al., 2023). The analytical solution can be particularized to yield the bespoke vertical displacement
field for a GNH material as

u, = arl_ﬁ U@, n), (13)

y

with U(6, n) a function that depends on the angular polar coordinate at the material configuration and the strain hardening/softening
coefficient (n),

2 2
U@,m =sin@/2)4/1- 2200 O/2) | 0. my + & cos 0V, (14)
1+w(0,n)

forée=1- % and o (0,n) = \/1 — € sin? (6).

The parameter a in Eq. (13) is a positive amplitude that can be expressed in terms of J. Thus, the vertical displacement field can
be expressed as a function of J.'° In turn, the constitutive parameters of the GNH model for the FE simulations and the analytical
model are the same ones, i.e., G = 3kPa, n = 1.05, and b = 1.05, as detailed in Appendix A. Note that the shear and bulk moduli are
the same as those used for the LEFM Pacman-shaped domain simulations in Section 4. According to the reduced thickness of the
VHB samples, the plane stress assumption renders

1

2 n n-1 2n 2n-1 —1 &

SIS :

“ [ Grllel 21l " (15)

Next, let us define a least squares minimization problem to fit the analytical solution for the vertical J-controlled displacement
field (uy ana) to a numerical displacement field (uy ). The fitting is done at i € s points in an annular grid, i.e.,

s

2
min Z w2 (16)
JeR+ y,ana y,num |, ©

i

Remark. The exponent 2n used with the displacements in Eq. (16) is due to the potential dependence of J on the exponent n as
defined in Eq. (15). O

Contrary to the DIC displacement fields where each displacement value corresponds to a pixel in a structured grid, the spatial
location of the nodal displacements in the FE field corresponds to the nodes of the FE mesh. To enable the calculation in Eq. (16)
according to fitting points located in a structured grid, the numerical displacement fields are interpolated to a new mesh in which
the new nodes form a equi-spaced rectangular grid. These new nodal positions mimic the same 0.07 mm/pixel relation as in the
DIC images. On these fields, an annular grid is used to calculate J. The grid is centered at the crack tip, with final angle of 135°
and radius of 17 pixel.

The results reveal a quite satisfactory performance of the framework: Foyy matches with a great degree of accuracy the
estimations of J done on the numerical displacement fields. Fig. 12 illustrates the comparison as well as the annular grids used
for the fitting. Nine values of J for equi-spaced displacements, up to a maximum displacement of 80 mm, are plotted together with
the Foyp curves. To quantify the goodness of the agreement, a number of quantitative values of both Foyr and J are provided
in Table 1 for the nine displacement values. The relative error between both quantities is smaller than 42% for all the cases and
is convincingly small for increasing displacements, with errors below 10% for a displacement of 80 mm. Sources of error may be
due to the boundary conditions of the FE BVP, which does not exactly replicate the ideal plane stress conditions of the analytical
solution. Nonetheless, and as indicated previously, the lack of a J-dependent solution akin to Eq. (13) for the horizontal crack tip
displacement makes Pacman-shaped domain simulations debatable. In summary, the satisfactory agreement between Fyp and the
estimations of J confirms that the configurational force method is able to approximate J at finite strains and for all the lengths of
the pre-cuts. This also proves accuracy of the FE solution per se.

For readers interested in the agreement between the analytical solution and the experimental displacement field, Fig. C.15
provides an additional validation of the configurational forces based on the estimation of J directly from the experimental DIC
results. The comparison is analogous to the one presented in the current section, but the analytical solution is applied to the
experimental vertical displacement fields instead of the numerical ones. Due to factors such as the challenge in identifying the crack
tip and the imperfect constitutive behavior as a GNH material, this comparison is less ideal and is subject to additional sources of
error. In spite of that, the degree of agreement between Fyy and J is reasonably good.

13 The finite strain analytical solution establishes a direct relationship to J only for the vertical crack tip displacement field (uy) and not for the horizontal
displacement field (u,). Instead, the horizontal displacement needs to be numerically determined by solving a two-point boundary value problem, as described
in Geubelle and Knauss (1994), Long and Hui (2015).
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Fig. 12. Results for J-integral estimated from numerical displacement fields and comparison with configurational forces. The displacement fields used to
fit J (J,p, in the spirit of the analytical model) are extracted from the FE simulations that implement the virtual tensile experiment to calculate the configurational
forces. An annular grid sufficiently close to the crack tip is used for the fitting and depicted with black points. The performance of the configurational force
(Fgyp) to replicate the J-integral is validated for the different crack-width ratios ¢/w: (a) 0.1, (b) 0.2, (c) 0.3, (d) 0.4, and (e) 0.5, and for nine displacement

points (triangle markers).

Table 1

Quantitative summary of the configurational forces (Foyz) and the J-integral estimated from the displacement fields solved in the virtual experiments. Values
are extracted from Fig. 12 for a discrete number of displacements (nine equi-spaced values) during the loading event and spanning all crack-width ratios from
0.1 to 0.5. The relative error between Fgy and J,,, is included for each pair of data.

c/w Variable Displacement [mm]
[-1 8.7 17.8 26.8 35.7 44.6 53.6 62.5 71.4 80
Fene [Nmm™'] 0.0019 0.0059 0.0113 0.0178 0.0251 0.0336 0.0430 0.0533 0.0641
0.1 Jona [INmm~'] 0.0011 0.0042 0.0088 0.0149 0.0228 0.0324 0.0432 0.0562 0.0702
[Fene = I / Fene [ 0.42 0.29 0.22 0.16 0.09 0.04 —-0.00 -0.05 -0.10
Fone [Nmm™!'] 0.0038 0.0121 0.0229 0.0357 0.0508 0.0675 0.0866 0.1071 0.1287
0.2 Jona [INmm~1] 0.0022 0.0083 0.0173 0.0291 0.0443 0.0624 0.0826 0.1066 0.1325
[Fene = I / Fene [ 0.42 0.31 0.24 0.18 0.13 0.08 0.05 0.00 -0.03
Fone [Nmm™'] 0.0056 0.0178 0.0339 0.0528 0.0754 0.1002 0.1287 0.1592 0.1915
0.3 Jana [Nmm~'] 0.0036 0.0135 0.0280 0.0470 0.0713 0.1000 0.1320 0.1697 0.2103
[Fexg = 7] / Feng -] 0.36 0.24 0.17 0.11 0.05 0.00 -0.03 -0.07 -0.10
Fone [Nmm™'] 0.0068 0.0217 0.0417 0.0651 0.0931 0.1240 0.1595 0.1975 0.2310
0.4 Jona [INmm™'] 0.0042 0.0161 0.0340 0.0574 0.0875 0.1230 0.1623 0.2086 0.2583
[Fexg = 7] / Feng [-] 0.38 0.26 0.18 0.12 0.06 0.01 —-0.02 —-0.06 -0.1
Fonp [Nmm™'] 0.0085 0.0275 0.0531 0.0836 0.1200 0.1603 0.2066 0.2563 0.3088
0.5 Jona [INmm™'] 0.0052 0.0203 0.0430 0.0731 0.1113 0.1565 0.2064 0.2651 0.3280
[Fexg = I / Fene [-] 0.39 0.26 0.19 0.13 0.07 0.02 0.00 -0.03 —-0.06

7. Discussion and outlook

7.1. Discussion

In the scope of this article, we have assessed the performance of the configurational force method against the fracture mechanics
J-integral. We have endeavored to merge the numerical setting with experiments conducted on a soft acrylic elastomer. Through
this integration, we validate the magnitude of the crack tip configurational force on samples with varying pre-cut lengths, under

finite deformations, and prior to crack propagation.
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As an instructive preliminary approach, we calculate the configurational forces on Pacman-shaped domains that replicate the
crack tip vicinity. These circular domains were deformed according to the LEFM solutions for the crack tip displacement fields,
allowing parametrization in terms of the J-integral. Notably, the domains were modeled in three dimensions with reduced thickness
to approximate the plane-stress-like deformation conditions in the real samples. From theoretical arguments, the total configurational
force at the crack tip renders the J-integral as a vectorial quantity: its magnitude relates to the traditional scalar J-integral and
its direction predicts the direction in which the crack propagates. In this regard, a seminal work is due to Strifors (1974), who
set a variational statement at crack inhomogeneities to define a crack extension force. The variational framework not only was
able to predict crack initiation but also the direction of preferred growth. The crack deflection criterion included the J-integral
by Rice (1968) as a special case. The reader can notice from Figs. 7 and 9 that the configurational force points in the opposite
direction of crack growth, which is a consequence of the derivation of the weak formulation adopted in this work. This setting can
be circumvented if the weak formulation is derived from a variational energy balance as outlined by Schmitz and Ricoeur (2023).
The Foyp—J comparison for a number of radii of the crack tip domain illustrates that the degree of agreement is notably satisfactory
with relative error lesser than a 5%, even for significantly large deformations.

Subsequently, the calculation of the configurational forces has been integrated with experimental tests on a soft elastomer.
By explicitly replicating the experimental conditions within the numerical framework, i.e., constitutive behavior and geometrical
features, we establish a direct link between both approaches. A crucial aspect of this process is the calibration of the material
model. By solving a BVP that replicates the tensile deformation of the samples, and through the configurational force method as a
post-processing algorithm, we have calculated the configurational forces at the crack tip. To that end, the BVP not only needs to
reproduce the bulk tensile deformation, but also the more intricate crack tip deformation. To verify this requirement, we compare
the numerical and experimental displacement fields, the former solved in the BVP, the latter obtained via DIC analysis. The absolute
error field shows that the agreement at the crack tip adjoining area is reasonably accurate. Importantly, we believe that the slight
discrepancies can be attributed to the limitations of the GNH model in reproducing the material behavior. The VHB tape typically
displays a strain hardening exponent that is not perfectly constant. Nevertheless, this constitutive choice is necessary in order to
exploit the finite strain analytical solution as done in Section 6. To the best of the authors’ knowledge, analytical solutions for
crack tip fields in soft materials are a rarity and the finite-strain analytical solution in Long and Hui (2015) provides an excellent
means of validating the configurational force method at finite strains. By linking the configurational forces with the displacement
field obtained from the virtual experiment, we demonstrate a reasonably satisfactory agreement. The configurational force method
applied to the soft elastomer shows a satisfactory performance in the large deformation regime.

7.2. Outlook

The insights into the use of configurational forces presented in this study open new routes for future developments in modeling
frameworks. After validating the configurational force method for approximating the J-integral in the context of a GNH material,
the method consistently produces results which are as accurate as the quality in reproducing the geometric, load, and constitutive
features. In this regard, future frameworks will accommodate any suitable constitutive model and will rely solely on configurational
forces. As a consequence, the use of configurational forces in a standalone and reliable manner will eliminate the need for analytical
close-form solutions, such as the traditional LEFM ones or the one explored in this manuscript for finite strains. Within this context,
machine learning approaches hold promise to finely tune material behavior under various deformation modes and in the large
deformation regime. Some timely works addressing this endeavor include Kirchdoerfer and Ortiz (2016), Fuhg and Bouklas (2022),
Wiesheier et al. (2023), Gonzalez-Saiz and Garcia-Gonzalez (2023), Marino et al. (2023), Linka and Kuhl (2023) and Linden et al.
(2023).

Building upon the previous outlook, future frameworks can be extended to delve into fracture onset conditions, strength
evaluation, and configurational dissipation during crack propagation. These developments will enable the determination of the
evolution of material positions in structures subjected to configurational forces acting on defects and boundaries. Such novel
frameworks may also benchmark configurational forces at defects against a threshold parameter to implement fracture onset
resistance, linked to constitutive attributes. Then, the evolution of the material positions may evolve according to an admissible
configurational dissipation, e.g., akin to constitutive models for plastic deformation. To assist such configurational changes, com-
putational frameworks based on peridynamics or shape optimization, among others, may be a promising starting point (Steinmann
et al., 2023).

Since soft materials are customarily viscoelastic, the extension of the configurational force method for inelastic material behavior
is particularly interesting. To achieve this, the deformation gradient is usually decomposed into elastic and inelastic parts. Then, the
local balance of material momentum reveals a peculiarity. Unlike elastic material behavior, where the Eshelby stress is divergence-
free, material inelasticity introduces a viscous material body force into the local balance statement (Nguyen et al., 2005; Kaliske
et al.,, 2009). In the context of a crack propagating in a viscoelastic medium, only a portion of the far-field energy release rate
supplied by the boundary conditions is delivered to the crack tip. The remainder is lost in the bulk material due to dissipation from
inelastic processes. As a consequence, the global balance not only includes the crack-driving force (path-independent J-integral, the
focus of fracture mechanics investigations) but also the path-dependent driving force related to inelastic dissipation, both compiled
into a single quantity. To distinguish between these quantities, the viscous body forces can be calculated as the contraction of the
spatial stress and the gradient of the inelastic strain, which evolves as an internal variable.

Further points of study may consider extensions to mixed-mode fracture problems and fully incompressible formulations. The
extension of the framework to 3D mixed-mode fracture at finite strains will allow to apply the configurational force method to
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interesting problems such as hydraulic fracture of shear-loaded hydrogels (Santarossa et al., 2023), osmotic instabilities (Wang et al.,
2023), puncture failure mechanics (Liu et al., 2018), and cavitation in elastomers (Breedlove et al., 2023) and even in biological
materials (Dougan et al., 2022), among others. To do so, additional challenges such as the calculation of line integrals along the
crack faces need to be accounted for, as detailed in Schmitz and Ricoeur (2023). Likewise, the extension of the method with fully
incompressible formulations, e.g., two- and three-field Lagrange multiplier method (Simo et al., 1985), will make the configurational
force method physically consistent with soft polymers, which are nearly incompressible.

Moreover, and beyond the scope of soft fracture mechanics, the configurational force method can be applied to surface growth
in soft material systems, encompassing a wide array of processes such as additive manufacturing technologies and diverse biological
challenges. In the areas of tissue engineering, drug delivery, and soft robotics, the utilization of 3D- and 4D-printed soft polymers
facilitates the design of intricate geometries and desired structural response (Chen et al., 2019; Xiang et al., 2020). In an additive
manufacturing process, the flow of material, encompassing both mass creation and resorption, relates to the Eshelby energy-
momentum tensor. Consequently, the thermodynamics framework must be extended as a second-order theory to account for the
diffusion of mass (Epstein and Maugin, 2000). In hydrogels, such a framework may enable the modeling of substance diffusion
within the material.

Likewise, we envisage the application of the configurational force method to architectured structures. Leveraging the knowledge
of configurational forces on sharp interfaces (Abeyaratne and Knowles, 2000; Rajagopal and Sivakumar, 2007) and configurational-
mechanics-based shape optimization (Riehl and Steinmann, 2014), composite laminates (Chen et al., 2023) and spinodoid topolo-
gies (Kumar et al., 2020b), inter alia, may use the configurational force method to optimize materials with targeted mechanical
properties. In this regard, the method could be generalized in coupled problems for design purposes, e.g., electro-magneto-
mechanics (Maugin et al., 1992) and flexoelectric solids (Tian et al., 2019; Moreno-Mateos, 2023).
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Appendix A. Calibration of the Generalized neo-Hookean model

The calibration of the GNH model is done from tensile tests on bulk uncut samples with initial length of 30mm and a same
quasi-static loading rate of 0.02mms™!, i.e., strain rate of 6.7 x 10~*s~1. A virtual tensile test mimicking the experimental sample
and setup is used to fit the output stress—displacement curve to the experimental one by adjusting the input constitutive parameters:
the shear modulus G, the exponent n, and the coefficient 5. Their values are shown in Fig. A.13.

Given that the analytical solution in Eq. (13) is built upon the GNH model, the FE framework for the calculation of the
configurational forces needs to implement the same constitutive model. Therefore, the use of the GNH is necessary to enable the
comparison of the material forces and the values of J estimated experimentally. On the whole, the model adequately captures the
constitutive response under tensile loading. Nevertheless, alternative models specifically designed to reproduce the initial strain
softening, following plateau, and eventually strain hardening of elastomers may be a convenient alternative choice to model the
response of VHB tape.

Appendix B. Configurational forces on Pacman-shaped domains without spurious forces
An alternative approach to compute the total configurational force is the crack tip evaluation. This approach entails not adding
up the spurious forces around the crack tip in the calculation of the total configurational force. Fig. B.14 presents the outcomes,

which render a less accurate approximation of the J-integral.
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Fig. A.13. Calibration of the GNH model from tensile tests on uncut samples. The numerical model reproducing a sample without initial pre-cut produces
a stress—strain curve that is fitted to the experimental one via adjustment of the constitutive parameters of the GNH model. The experimental mean curve from
three experimental repetitions is calculated and a scatter area is included to quantify the experimental variability.
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Fig. B.14. Evolution of the total configurational force at the crack front of the Pacman-shaped domains subjected to J-controlled loading. (a)

The evolution of Fcyy is plotted against J for all the radii and thicknesses utilized to define the Pacman domains: r = {0.2,0.5,1,2,5} mm and ¢

{0.1,0.25,0.5,1,2.5} mm, respectively for each domain. (b) Detail for small values of J. The total force Fgy; is obtained adding up all the nodal forces at
the crack edge. The constitutive model is neo-Hookean (n =1, b= 1).

Appendix C. Experimental validation of J-integral via finite strain analytical solution

Section 6 provided a comparison between configurational forces and the J-integral estimated from numerical fields using the
analytical solution. Here, a similar approach is taken, but J is estimated from the experimental fields instead. This comparison,
although less ideal, provides insightful results and is illustrated in Fig. C.15.
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Fig. C.15. Results for J-integral estimated from experimental displacement fields and comparison with configurational forces. The displacement fields
used to fit J are extracted from the DIC results. An annular grid sufficiently close to the crack tip is used for the fitting and depicted with black points. The
performance of the configurational force (Fgyg) to replicate the J-integral is validated for the different crack-width ratios ¢/w: (a) 0.1, (b) 0.2, (c) 0.3, (d) 0.4,
and (e) 0.5, and for a discrete number of displacements (triangle markers).
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