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ARTICLE INFO ABSTRACT
Keywords: Conventional Tuned Liquid Column Dampers effectively mitigate structural vibrations; however,
Nonlinear inertial amplifiers their efficacy is limited by the need for supplementary static mass, which escalates costs and

Vibration reduction
H, optimisation
H_, optimisation
Closed-form design

complicates adaptability. This work presents a novel solution: Nonlinear Inertial Amplifier Liquid
Column Dampers, which improve vibration attenuation without augmenting static mass. The
suggested system is implemented on a single-degree-of-freedom framework, with its governing
equations determined by Newton’s second law and Lagrange’s approach. The optimal design
parameters are derived using H, and H_, optimisation methods. Results indicate that nonlinear
inertial amplifier liquid column dampers much exceed the performance of conventional tuned
liquid column dampers and inerter-based tuned liquid column dampers, attaining a dynamic
response reduction of up to 83.60% and 82.11%. The closed-form solutions and parametric
analyses validate the efficacy of this method, establishing nonlinear inertial amplifier liquid
column dampers as a potential technique for enhancing structural resilience in civil engineering
applications.

1. Introduction

A passive vibration control device called a Tuned Liquid Column Damper lessens structural vibrations brought on by outside factors
like wind or seismic activity [1]. It consists of a vertical tube that is normally installed within a building or other structure enclosing
a partially filled liquid column. The basic idea behind a Tuned Liquid Column Damper is to counteract the resonance frequencies of
the structure by using the intrinsic frequency of the liquid column [2]. The liquid inside the Tuned Liquid Column Damper oscillates
in response to external pressures that cause the structure to shake, but it does so with a phase difference that effectively dampens
the vibrations of the structure. Engineers can adjust the characteristics of the liquid column (such as liquid volume, column height,
and liquid density) to customise the Tuned Liquid Column Damper to target specific frequencies of structural vibration [3]. The main
advantages of Tuned Liquid Column Dampers are their effectiveness in reducing structural vibrations, simplicity, and dependability.
Compared to active vibration control systems, they are simpler to install, maintain, and operate passively and need no external power
source. Tall buildings, bridges, and industrial facilities are just a few of the structures that have benefited from applying Tuned Liquid
Column Dampers to increase their dynamic load resistance [4]. They are especially helpful in buildings with sensitive machinery or
occupants since high vibrations can hurt people or cause structural damage or functional impairment [5].

For this damper to operate with durability, proper design is required. For optimal design purposes, a number of analytical,
numerical, and simulation-based methods are available. Among them, the analytical techniques are the most reliable and effective.
The H, optimisation method is commonly used in control system development, especially for passive vibration isolation devices, and

* Corresponding author.
E-mail address: Sudip.Chowdhury@glasgow.ac.uk (S. Chowdhury).

https://doi.org/10.1016/j.apm.2024.115875
Received 30 April 2024; Received in revised form 18 October 2024; Accepted 2 December 2024

Available online 5 December 2024
0307-904X/© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/apm
mailto:Sudip.Chowdhury@glasgow.ac.uk
https://doi.org/10.1016/j.apm.2024.115875
https://doi.org/10.1016/j.apm.2024.115875
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apm.2024.115875&domain=pdf
http://creativecommons.org/licenses/by/4.0/

S. Chowdhury and S. Adhikari
Applied Mathematical Modelling 140 (2025) 115875

is most likely related to control engineering. One type of passive vibration isolation device is the Tuned Liquid Column Damper. This
means that this approach is appropriate. Precise closed-form formulas for the ideal design parameters of an isolator’s natural frequency
and damping ratio under random-white noise excitations are produced using the H, optimisation approach [6]. The greatest standard
deviation of structural dynamic responses is decreased by H, optimised Tuned Liquid Column Damper. It is crucial to remember that
there are various approaches to building control systems for passive vibration isolation systems; the H, optimisation method is just one
of them [7]. Additional often employed methods encompass H, control, Linear-Quadratic Regulator, and Model Predictive Control,
which could offer differing compromises concerning efficacy, resilience, and intricacy of implementation. Numerous elements, such
as the particular requirements of the application and the available resources, influence the chosen strategy. The most well-known
and established analytical optimisation method is H, optimisation [8]. Unlike the H, optimisation approach, which lowers the
standard deviation of the dynamic responses, H , optimised dampers lower the maximum amplitudes of the dynamic responses of
the controlled structures. The optimisation strategy can be used with controlled structures that are harmonically stimulated. This
idea was first proposed by Den Hartog in 1985 when his book “Mechanical Vibration” was released [9]. Some research examines
the interrelated transverse and torsional vibrations of a mechanical system consisting of two similar beams and one firmly linked
beam, emphasising their dynamic characteristics [10]. It illustrates how symmetries in these systems may facilitate the computation
of eigenvalues and eigenmodes, resulting in less computing effort and design duration [11]. The study elucidates the characteristics of
these coupled systems, presenting practical applications for enhancing the efficacy of vibration analysis in engineering and industrial
design [12]. Researchers have developed a way to optimise the computation of eigenmodes in mechanical systems including bars,
aiming to enhance the comprehension of deformations and stresses within the system’s components via a semi-analytical model [13].
The nonlinear behaviour of systems necessitates meticulous numerical analysis, and the finite element method is especially adept at
tackling the complexities related to nonlinear dynamics and thermal interactions [14,15].

Tuned Liquid Column Damper and tuned mass dampers’ dynamic response reduction capabilities have historically been reinforced
by raising the static mass of the dampers. However, as the dampers’ natural frequency drops, increasing their static mass increases
their flexibility. The damper’s operational time increases as a result. The time duration of the dampers may greatly extend for large
amplitude vibrations, potentially resulting in structural damage to the dampers [16]. In particular, the controlled structure’s capacity
to support loads declines. The flexibility of the dampers decreases from near-fault to far-field ground motion patterns. On the other
hand, to reduce the dynamic reactions of the structures, increasing the static mass of the dampers necessitates increasing the number
of tuned liquid column dampers. Consequently, the damper array’s total static mass rises, increasing its cost. Consequently, it is
necessary to increase the effective mass of the dampers instead of their static mass [17].

In order to reduce the dynamic reactivity of dynamic systems, Smith has invented inerters, an efficient mass amplification device
that applies the force-to-current analogy [18]. In order to increase the energy dissipation capacity of conventional passive vibration
control devices, inerters are installed within or in parallel with them. They work by multiplying the huge effective mass by rotating
mass with motion transformers within the system. The adjusted liquid column dampers have already had the inerters added to them
to boost their ability to reduce vibration [19]. Nevertheless, the inerter’s uses do not lessen the shortcomings of the conventional
Tuned Liquid Column Damper. To enhance the dynamic response reduction capabilities and lessen its disadvantages, the researchers
have thus looked at mechanical devices, negative stiffness, alternative mass amplification, and negative mass for the Tuned Liquid
Column Dampers. A kind of mass amplification device called an inertial amplifier may have a broadband gap at low frequencies,
which qualifies it for application in civil engineering projects [20]. Moreover, inertial amplifiers are employed to lessen the dynamic
reactivity of civil engineering structures. Passive dampers that are designed to lessen the reactivity of dynamic systems, such as
wind turbines, bridges, and buildings, are incorporated with inertial amplifiers. Inertial amplifiers have never been used to address
the other shortcomings of tuned liquid column dampers. There are no state-of-the-art designs that have the Tuned Liquid Column
Damper’s optimal design parameters in terms of the exact closed-form expressions. Consequently, the scope of the research has been
determined.

To address the above-mentioned issues, this study introduces new nonlinear inertial amplifier liquid column dampers. The basic
idea is to add nonlinear inertial amplifiers to conventional tuned liquid column dampers without adding static mass in order to
boost their ability to reduce vibration. The application of the nonlinear inertial amplifier to the conventional Tuned Liquid Column
damper mitigates the overflow of the liquid inside the container during vibration. This research distinguishes itself by including
Nonlinear Inertial Amplifiers into Tuned Liquid Column Dampers (TLCDs), in contrast to the previous efforts that concentrate on
vibration control enhancement via Tuned Mass Dampers (TMDs) [21]. The methods and ideas are tailored to accommodate the
unique dynamics of TLCDs, which function differently from mass dampers. TLCDs use liquid motion to mitigate vibrations, and their
functionality is intrinsically more complex owing to fluid dynamics and possible nonlinearities. TMDs use a mass-spring mechanism,
resulting in unique behaviour and optimisation. This study is innovative in several significant aspects:

+ Integration of Nonlinear Inertial Amplifiers into Tuned Liquid Column Dampers (TLCDs): This study extends the notion of inertial
amplifiers to liquid-based dampers, including complexities related to fluid-structure interaction and the nonlinearities resulting
from liquid dynamics.

+ Enhanced Nonlinear Damping for Tuned Liquid Column Dampers (TLCDs): The research concentrates on enhancing both H, and
H_, methodologies for nonlinear dampers inside a liquid-based system, representing an innovative use of techniques formerly
utilised for mass dampers.

 Expansion to Viscous Damping Systems: This work presents a novel array of optimisation methodologies tailored for liquid
column-based systems, enhancing dynamic response minimisation without augmenting static mass. The use of nonlinear inertial
amplification is especially appropriate for civil engineering applications where mass limitations are critical.
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Fig. 1. A structure is equipped with an inertially amplified liquid column damper subjected to base excitation.

A single-degree-of-freedom system is equipped with this unique liquid damper to reduce its dynamic responses as it vibrates. The
governing equations of motion for the controlled single-degree-of-freedom system are developed using Newton’s second law and
Lagrange’s method. Then, the optimal closed-form design parameters are found using H, and H_, optimisation procedures. A para-
metric study is conducted using these optimal closed-form solutions. In order to compute the dynamic responses of the controlled
structures analytically, the frequency response functions are constructed. The harmonic excitation is used at the base of the controlled
structures as a loading function. The maximal dynamic responses of structures controlled by new dampers are compared with those
controlled by conventional dampers in order to evaluate performance enhancement.

2. Structural model

A nonlinear inertial amplifier liquid column damper is installed at the top of a structure, and the damper-structure coupled figure
is shown in Fig. 1. The structure is conceptualised as a single degree of freedom system (SDOF) having a mass of m, stiffness k, and
damping ¢,. The damper is oscillated in two directions due to the application of high-amplitude vibration. As a result, the connections
of the amplifier are deflected, and the effective mass of the nonlinear inertial amplifier liquid column damper [22] has been derived
as

cos pm 14+3cos2g)m
mcd=mc+0.5md<l+ ! ) e 4y ( ) 4.2

- d - Ve
tan? @ 2bsin* @ 4b2 sin® ¢ ¢ 1)
—_— —_
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where m, defines the static mass of the damper, i.e. m, =m, + m,,. m, defines the static mass of the container. m,, defines the static
mass of the liquid inside the container, which is derived as m,, = pAE, where p defines the density of the liquid. A defines the
cross-sectional area of the damper. E defines the total length of the liquid container. m, defines the mass of the inertial amplifier.
@ defines the inertial angle. b defines the length of the amplifier link. If the low amplitude vibration is applied at the base instead
of the high amplitude vibration, the deflection in b will become zero. Simultaneously, m.,;; and m.,, become zero, i.e. m.;; =0 and
m.gy = 0. x; defines the absolute deflection of the SDOF system. x,; defines the lateral deflection of the container with liquid mass.
¥4 defines the vertical deflection of the liquid mass. &, defines base excitation.

3. Equations of motion and derivations of optimal design parameters

The equation of motion of the SDOF system equipped with a nonlinear inertial amplifier liquid column damper is derived using
Newton’s second law and expressed as
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where v; =x; — v, and v; = x,; — x, define the relative deflection of the SDOF system and damper. c., and k., define the effective
damping and stiffness of the damper when the mass amplification effect of the nonlinear inertial amplifier is applied to the damper.
The effective damping and stiffness have been derived as

Coqg =2m g€ e, and kcd=m”,e§. 3)

In a similar way, the equations of motion of the damper by considering its lateral and vertical motions during vibration have been
derived as

MeqUs +MegUg +mypthy + CeqUg + keqvy =—meqU,,
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where w, defines the relative motion of the liquid inside the liquid column. m,, and m,, define the effective masses of the liquid
inside the horizontal portion and the total length of the nonlinear inertial amplifier liquid column damper.
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Equation (1) and Eq. (5) are substituted in Eq. (2) and Eq. (5).
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Equation (6) is a highly nonlinear equation. The statistical linearisation approach is used to linearise each nonlinear component of
equation Eq. (6) in order to apply the H, and H, optimisation techniques. The suggested analytical technique is a precise optimisation
process that does not include approximations. In addition, the statistical linearisation technique has been exclusively used to reduce
the complex nonlinear equations of motion and to directly employ analytical optimisation approaches. The suggested analytical
optimisation techniques may be used to derive the optimum design parameters using mathematical closed-form expressions. These
expressions are more practical compared to the optimal design parameters acquired by the numerical approaches. The use of numerical
optimisation techniques will not provide any further advantages to this study. The validity of the optimised design parameters for
H, and H_, has been further confirmed by the study of the frequency and time domain response evaluations. It is important to
acknowledge that the statistical linearisation approach is well recognised, and its precision is extensively supported by research. In
order to do this, it has been determined that the controlled single degree of freedom system is exposed to zero mean Gaussian white
noise excitation. Suppose an error is considered while applying the statistical linearisation method, and it can happen for the damping
element of the liquid inside the container of the damper. The damping of the liquid is developed due to the presence of the relative
velocity of the liquid inside the container during vibration, and the mathematically developed equations of the liquid damping are
highly nonlinear. An error may occur during the transformation of the linearised term from the nonlinear damping element using the
statistical linearisation method. The error can be estimated as

Mge0 S 2mge , .
A= 25 Eplglwg — Ee gy, o
——

Ce

where &, defines the equivalent damping ratio of the liquid and c, defines the equivalent damping of the liquid.
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Therefore, zero errors have been derived during the statistical linearisation process. Employing this method, other nonlinear elements
of Eq. (6) have been linearised and expressed as
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where E; defines the expectation operator. Initially, the values of the o, , 6,,,, and o, are considered zero [23] to derive the
frequency response function of the controlled single degree of freedom system. Therefore, after applying these initial conditions, the
governing equations of motion in Eq. (6) have been derived as
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Base excitations are applied at the base of the controlled single-degree-of-freedom system. The steady-state deflections of the single
degree of freedom system, damper’s container, and liquid have been considered v, = V, ¢!, v, = V, ', w, = W,el®, and U, =V, elr,
The first and second expressions of the Eq. (12) are divided by the mass of the SDOF system, i.e. m, and the third expression is d1v1ded
by mg,y, which leads to
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After considering the initial condition for the damping ratio of the liquid and the steady state solutions for the entire controlled single
degree of freedom system, the transfer function has been derived and expressed as

2{5S65q+qz+es2 A 0 1
2 2 Vs
Hedo d Ay Hawoq Ve t=—| Hew |V,
a4
Hano 4 Hano 4 P+e,? Wa Hano
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- 2 _ 2 2
Ay ==2p408a€aq — Heao €™ ANd Ay =249 €49+ Heao d™ + Medo €4”
The dynamic response of the single degree of freedom system is derived using Eq. (14) and expressed as
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In the same way, the dynamic response of the lateral deflection of the container with liquid mass is derived and expressed as
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The dynamic response of the vertical deflection of the liquid mass is derived as

H,, = Wa _ (—eq (20, +e,) €5 Hoao Hano (208q +€q) ) . a7

Ve b4

The denominator of Eq. (15), Eq. (16), and Eq. (17) are derived as
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Equation (18) is a sixth order polynomial equation and the stochastic process with random white noise excitation is applied to derive
the standard deviation of the deflection of the single degree of freedom system [24]. Using this standard deviation, the optimal
design parameters for the governing system parameters of the damper such as natural frequency of the container with liquid, i.e. ¢,
natural frequency of the liquid, i.e. €,,, and the damping ratio of the container with liquid, i.e. £; is obtained in respect of closed-form
expression.

3.1. H, optimisation

H, optimisation method is applied to perform this optimisation procedure. In addition, the total root mean square value of the
deflection is minimised using H, optimised dampers. As a result, the damping ratio of the single degree of freedom system in Eq. (15)
and Eq. (18) is considered zero, i.e. for this evaluation process. Therefore, the standard deviation of the SDOF system is obtained

0_2 _ Soﬂ'Nl (19)
vy 2 :
2 Uep €4 $4 Hedo €” (#cdo Haeo €52 = Hedo Haeo €0 — ”dh()zesz) €0

The closed-form expression for N is listed in Appendix A. Equation (19) is divided by &,, ¢, and ¢, and the mathematical expression
is obtained as follows.
do? do? do?
% =0,—= =0, and “ =0, (20
0, Jey 0e,,

Equation (19) is substituted in the first expression of Eq. (20). Hence, the closed-form expression for £, has been derived as

N,
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Equation (21) is substituted in Eq. (19) and the standard deviation is modified which is expressed as
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The closed-form expression for N, is listed in Appendix A. Equation (22) is contained ¢, and ¢,,, which needs to be extracted for the
optimisation. To perform that, Eq. (22) is substituted in the second expression of Eq. (20). Hence, the closed-form expression for ¢,
is derived as
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Equation (23) is substituted in Eq. (22) and the modified version of Eq. (22) is derived as
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Equation (24) is accommodated €,,, which has been extracted using the H, optimisation method. In order to perform the optimisation
procedure, Eq. (24) is substituted in the third expression of Eq. (20). Hence, the closed-form expression for the optimal ¢, is derived as

5 4, 2 4 3, 2
T Hego l;del) =T Heqo ﬂgho —2 16 peqp llgeo + 16 U’ Hano 5
=35 Heao” Haeo + 37 Heao” Hano™ = 20 Heao” Haeo + 12 Heao Hano™ | €5

25
=8 Hego Haeo + 8 Hano” (25)

(€0) opr =
W/ opt 7 thaeo (4= Heao) (Heao + 1>2 Heao’
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The real root with the positive values is considered from the Eq. (25) to evaluate the optimal frequency of the liquid. The frequency

ratio of the liquid inside the container has been derived using Eq. (25) and expressed as

5 4 2 4
T teao” Haeo = T Heao Hano™ = 10 Hego™ Haeo

+16 ﬂrd03/42dh02 -35 llcd03llde02+ 37 ﬂcdozﬂdhoz
=20 peqo” Haeo + 12 Hego ledho = 8 o Haeo (26)
(o). = (ew)opt B +8 tano
w/opt - 2
€s T Haeo (4 - MzrdO) (ﬂcdo + 1) Heao®

Equation (25) is substituted in Eq. (23) to derive the optimal natural frequency of the container with liquid/damper in the matter

of closed-form expression and expressed as

14 /’lca’()4 ”dh()z —-14 l‘cdosﬂdeo +30 l‘cdo4/4deo -30 l‘cd03/4dh02
+84 ﬂcd03/4deo - 86 ﬂcdozﬂdhoz +48 ”chzﬂde() =40 pego Hano
+8 ey Haeo — 8 Hano”
7 /’lz:doéﬂdeo -7 ﬂdhozﬂcdos -29 /"(:dOS Haeo +29 /"(,'d04/"d1102
=12 oo Moo + 13 Heao® Hano + 60 teao® Haeo — 73 Hedo* Hano® | €2
+44 Mcdl)z/’ldeo =8 Heap Mdho2 + 8 Heao Haeo — 8 Hano
7 P‘cdos Haep =7 ﬂcdo4#dho2 - 16 /’lcd04/'{d60 +16 I’lcd03 llarho2
=35 oo Haeo + 37 Heao™ Hano® = 20 Heao™ Haeo + 12 Hedo Hano
=8 Heao Maco + 8 Haro®

(€a)op = >
(lucd() + 1)
1372 ﬂcdolsﬂdeo3 —4116 ﬂcdol4l4deozﬂdh02 +4116 Hcdol3lldeo ﬂdh04
—1372 peqy 12/4dh06 — 9016 peqy 14/4de03 +25676 Mcdo13 Haeo ﬂdh02
—24304 ﬂcdolzﬂdeo ﬂdho4 +7644 Mcd()l ! l‘dno6 —3584 ﬂcd{)13ﬂ4e03
+25648 Hchlz,“deOZﬂdhOz — 40544 ﬂcdollﬂdeo ﬂdh04 + 74584 ﬂcdolzﬂdeo3 27)
—268111 P‘cdol ! MdeOZﬂdhoz — 118551 P‘cdogl‘dho6 + 74900 ﬂcdollﬂde03
—240174 #cd()loﬂdeozﬂdho2 +260891 #cdoglldeo ﬂdho4 - 95617 ch()g/‘dho
—189184 11,19 Hgep* + 739901 thoo® o0 Hano® — 935990 Moo e Mo
-513392 M('d09”de03 + 1601052 ”cdogﬂdeozﬂdhoz + 541457 M(.d06;4dh06
—575840 #cd()sl‘deo3 + 1513216 #cd07l‘de02l4dh()2 — 1269436 Mcdoeﬂdeo Hano
+328772 o> Hano® — 388096 1 go” o + 906416 p140° Hgeo* Hano®
—709272 Mcdl)s Haeo Mdho4 — 169216 llcdoﬁllaleo3 + 360640 I‘L-dosﬂdeozﬂdho
+54336 poip” Hano® = 46784 oo Haeo® + 98112 oy Haeo® Harno®
—70848 11,15 Haoo Hano* + 19520 togn® Hano® = T424 o™ Haeo
+17152 Hrd03/’lde02/4dh02 — 12032 ﬂcdozﬂdeo Mdho4 + 2304 p o Hano
-512 MchS”de03 + 1536 ”cdozl"deOZﬂdhoz — 1536 peag Maeo Hano
+512 p1,0% = 1628619 poip” b0 Hang® + 312078 g™ Haoo o™
18480 119" i gpo® + 385245 45" pgpo® + 200520 pa o p g
—256128 /’lcd04 Haeo Mdh04

Equation (25) and Eq. (60) are substituted in Eq. (21) to derive the optimal damping ratio of the container with liquid/damper in

the matter of closed-form expression and expressed as

7 l‘cdosﬂdeo -1 ”cd()4”dh02 —15 ﬂcd04/4deo +15 ”cd()sﬂa’h()z
—42 oo Haeo + 43 Hedo® Bano® = 24 Heao* Haeo + 20 Hego Hano
—4 Hego Haco + 4 Mao”

Ns (ﬂcdo - 4) Heao

(gd )opl (2 Hodo + 2) N6N7
196 Mcdoloﬂde02 —-392 Mcdogﬂdeo Mdh02 + 196 ”cdosﬂdh04
—840 /’[cdogﬂdeoz + 1680 M[:dosl‘deo Marho2 =840 pego’ Hano (28)
—1452 p.40® Haeo™ + 3205 fego” Haeo Hano® = 1753 Heao® Hano
+3696 Mcdo7l4de02 —9283 ”chGMdeO ﬂdh02 + 5636 ﬂcdos Hano
9712 g0 Haeo” = 18384 ey Haeo Hano™ + 8361 Heao' Hano
+8544 .40 Haeo® = 11120 pog* Haeo Hano® + 2712 Hego® Mo
+3648 ﬂcd04/4d302 —3984 /4ch3 Haeo ﬂdh02 + 1632 ﬂrdozﬂdh04
+768 /’lchSMdeoz - 960 ”chzﬂa’eO ﬂdhoz + 192 pyp ﬂdho4
\ +64 Haoo” Hean® = 128 Hano® Haeo Hedo + 64 Hano
The closed-form expression for N5, N¢, and N; from Eq. (28) is listed in Appendix A. The standard deviation of the velocity of the

IS
=

4
4

liquid inside the container is derived as
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Fig. 2. (a) Liquid’s and (b) damper’s frequency ratios are evaluated by considering them as a function of container mass ratio. The amplifier’s mass ratio is varied, i.e.
pg =0.005, u, =0.005, and p, =0.015. The amplifier’s angle and mass ratios of the liquid inside the horizontal and total length of the container are taken constant,
i.e. ¢ =10° pu, =0.01, and u;, = 0.005.
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Equation (25), Eq. (60), Eq. (28), and Eq. (29) are substituted in the second expression of Eq. (8) to derive the optimal damping ratio
of the liquid inside the container and expressed as

(o )@d,gd,eu,) éw. (30)

0/ opt
V2x

A parametric study has been performed by using the above-derived optimal closed-form solutions. First, the frequency ratio variations
as a function of container mass ratio are graphically obtained and presented in Fig. 2. Specifically, Fig. 2 (a) addresses the changes in
the liquid’s frequency ratio when the mass of the container varies from 0.01 to 0.10. Equation (26) is employed to obtain this graph.
According to this graph, the liquid frequency ratio increases as the container mass ratio increases. However, the characteristics are
opposite when the mass of the amplifier increases. The liquid frequency ratio decreases as the amplifier mass ratio increases. The
liquid frequency ratio needs to be maintained high to achieve robust vibration reduction from the nonlinear inertial amplifier liquid
column dampers. Therefore, a moderate container mass ratio and lower amplifier ratio are endorsed to design an optimum nonlinear
inertia amplifier liquid column damper. The same characteristics are also found in the damper frequency ratio graph, which is shown
in Fig. 2 (b). In this graph, the damper frequency ratio is derived by making the container mass ratio as its function. The differences
have been observed while changing the values of the container mass ratio from 0.01 to 0.1. More specifically, the damper frequency
ratio increases with the increment of the container mass ratio, and the damper frequency ratio is decreased when the amplifier mass
ratio is increased. The very low-frequency ratio provides extreme flexibility to the damper’s base layer. As a result, the damper will
be damaged by the high amplitude vibrations. Therefore, a moderate frequency ratio is suitable for an inertially amplified liquid
column damper. To achieve that, a moderate container mass ratio and a lower amplifier mass ratio are suggested.

The damping ratio variations are investigated, like the frequency ratio variations using Eq. (28) and Eq. (30). Therefore, the differ-
ences in the optimal damping ratios of the liquid are obtained using container mass ratio as its function and graphically represented
in Fig. 3 (a). According to the graph, the liquid damping ratio decreases as the container mass ratio increases. In contrast, the liquid
damping ratio increases with the increment of the amplifier mass ratio. However, this decremental damping ratio is appropriate
for the proposed liquid column damper and cost-effective. Therefore, a moderate container mass ratio and a lower amplifier mass
ratio are suggested to achieve a cost-effective design for the proposed liquid column damper. The lower damping ratios, like 0.35
to 0.4 ranges, are sufficient for these types of novel dampers. Otherwise, the dynamic system will become over-damped and may be
damaged during long-period vibrations. The opposite characteristics are observed for the damping ratio of the damper. The graphical
representation of the damper damping ratio variations is obtained by varying the container mass ratio, which is presented in its
optimal closed-form solutions and presented in Fig. 3 (b). According to this graph, the damping ratio increases as the container mass

(ée)opl =
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Fig. 3. The variations of the optimal damping ratios of the (a) liquid and the (b) damper are obtained using Eq. (28) and Eq. (30). The container mass ratio and the
amplifier’s mass ratio are varied, i.e. y; =0.005, y; = 0.005, and y, = 0.015. The angle and mass ratios of the liquid inside the amplifier’s container are kept constant,
as well as the entire length of the container, i.e. ¢ =107, u,, =0.01, and u, = 0.005.

ratio increases. In contrast, the damper damping ratio decreases as the amplifier mass ratio increases. The over-lowered damping
ratio makes the damper under-damped, which can not generate sufficient inertial force in the system when the base loading starts
applying. Therefore, a moderate damping ratio is required, i.e., in the 0.05 to 0.15 ranges, to achieve robust performance from the
liquid column damper. All-inclusive, the moderate container mass ratio, a small value of amplifier mass ratio is required to design
optimum nonlinear inertial amplifier liquid column damper.

3.2. H, optimisation

It has been considered that the controlled single-degree-of-freedom system is subjected to harmonic excitation. This consideration
allows us to pursue further the analytical optimisation procedure using the fixed point theory/H , optimisation method. The optimal
design parameters for this novel damper have been achieved using the H_, optimisation method, and this optimisation approach
provides additional benefits to the dampers while designing the damper for achieving robust vibration reduction capacity from it.
The accuracy and robustness of its vibration reduction performances may increase during calibration. To apply this optimisation
approach, it is considered that the controlled SDOF system is subjected to the harmonic base excitation, and Eq. (14) has been
non-dimensionalised. The non-dimensionalised version of the frequency response function has been derived as

- +2iEn+1 Ap 0 . 1
s Vv,
—Heao Ay —Haom V, t=—| Heao —i,
€ 31
_ Hano n _ Hano n _,]2 +1 2 Wy Hano § (31)
Haeo Haeo w Hdeo
App = =2iHea0 &g NN = HeaoMa”s a0 Ay = =g + 2o &g Mg N+ HeaoMa”-
The dynamic response of the single degree of freedom system is derived using Eq. (31) and expressed as
'72’7d2Mcdtz‘2ﬂdeo - '72’7d21"¢-4210 i‘dh022_ '12d27’w2/’lz:d02”d60
-n 14540 I42de() + Hano™ "2' n ga’ Hedo Hdeo
0 M " Hedo Baeo = M Mw”™ Hedo Hdeo
| 2 g ”czdl)zl’lcéeo Sa—2 '73’1112/46»40 Hano*Sa (32)
| =201 Nw” Heao™ Haeo 2€d + 207 Hedo Paeo Sa
i - ( v, > 2o =211 Mp" Medo Haeo 4
== = =
Ve ? o4
In the same way, the dynamic response of the lateral deflection of the container with liquid mass is derived and expressed as
A= Va 2o ( (Zifx n+ 1) (’12/%[10 Haeo = M Mano® = Mo Hedo Maeo) ) 33)
AV 5 '

The dynamic response of the vertical deflection of the liquid mass is derived as

10
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( 41 Bano Hedo M1™Ea S5 = Na™ Hano Hedo )
2

- Wy i (=215 Hano Heao 1 Es = 214 Hano Heao 1 Ea) (34)
wd =\ 3, )& = = .
Ve 04

The denominator of Eq. (32), Eq. (33), and Eq. (34) are derived as

'74'7d2:"‘¢-d02/4de0 - '14'1d2M¢-110 Hdh02 +4 ’74’7d Hedo Maeo $a &s + ’76ﬂdh02
—’72’ld2'7u)2l4cd02/4de0 -4 ’72’7d "wzﬂcdo HaeoSa &5 — ’16#cd0 Haeo — #dh02’74

F1 N0 Medo Haeo + 1107 Hedo Haeo = 110 o™ Bedo Haeo + 11 Hedo Paco

5, = S —’72'1[122%(10 Hieo — '572'1w2ﬂcdo Hd;o + 77512’7314)2/40;102 ﬂde02
2170y Hedo™ Haeo Sa — 217 Mg Medo Mano™Ea — 21 Ma My~ Medo™ Maeo Ea
2170y Hedo Haeo Sa = 21N oo™ Hedo Haeo Ea + 21 Hedo Haeo Es
-2 '1514[1110253 -2 '13'1d214cd0 HaeoSs — 2 ’73’7w2”rd0 Haeo s

2000 M Moo Haeo € = 2N Hedo Haeo Ea + 211 Mo Hedo Haeo €

(35)

+i

Once the starting circumstances have been taken into consideration, such as the fact that the damping ratio of the system with a
single degree of freedom is equal to zero, the consequent of Eq. (32) and Eq. (35) is expressed as

28202
H; + &H i 4
Equation (36) is employed to derive two constraints and expressed as
H H H
m| ~m| ™ |m| <|m @)
2 nj 4 un 4 m 4 m
The closed-form expressions for H,, H,, H3, and H, are derived and listed below.
H, = ﬂzﬂdi#cdozzﬂdeoz— '122'1,12%(10 ”dhoj - Zld2nw2”cd02ﬂd50 _2714”ch Hieo (38)
0 Hapo™ + 17 Na" Heao Haeo + N7 Mw™ Hedo Haeo — M ™ Nw™ Hedo Hdeo
H,= 21 Peao® aeo = 21 Ma Hedo Hano™ = 21 M M eao” Haeo + 2T Hedo Haeo ) (39)

2
=211y " eao Maeo

4.2, 2 4.2 2,22 2. 2 6
n ’If l4zcdo Haeo — 1 Zd /écd() Hano™ — 1 2'7d 2'1w 2Mcdo Haeo — '74 Hedo Hdeo
H; = ':'1 ﬂdz llcdoz lldgo +11y, /"cd(z) Ildso =N Mg Ny l‘zcdo /2"11@0 + 1" Heap gdd) . (40)
N Hgno” — N Ng” KBedo Mdeo — M Mw”™ Bedo Mdeo T Ma N Hedo Haeo TN Hano

2 ’15 71§1 Ilcdozﬂdeo -2 ’15 Zd Heao 2ﬂdho2 -2 '13'7d g]wzﬂcdozﬂdeo
Hy= +2wn4 Hego Haeo — 21714 ’lwz Hedo Hdeo = 217 Ng Hego Heo - (41)
+210 M My Hedao Haeo

A closed-form expression is generated using the first expression of Eq. (37) and expressed as

+2 fego Haeo” = 2 Haeo Haro”
21147 Hedo Haeo™ + 414> Hedo™ Mo Parg™ = 2Ma* Meao Haro”
—414% Hedo® Haeo® +410° Hedo Haeo Hano™ = 1> Heao® Haeo”
+| 410 Heao Haeo Bano® = 2Ma* Hedo Haco™ = 4w Hedo Maco® |1°
210> Baoo Hano™ = Hedo” Haeo” 2 Hedo Haeo Hano™ = Hano”
=2 Hedo Haeo™ + 2 Haeo Hano”
447N Hego” Haeo™ = 404> M Heao™ Haeo Hang”™ + 81a My Hedo” Haco” =0 (42)
400N Heao Haeo Bano® + 2 M Heao® Haeo™ + 414> Nuo* Hedo Maco” .
+ 21" Hedo Haeo® + 2> eao” Haeo™ = 2Ma* Hedo Haeo Paro”
2007 Hedo” Haeo™ = 2 Mw” Moo Haeo Hano™ + 2Ma” Heao Faeo”
41,2 Hedo Haeo® = 2 1™ Haeo Hano”
-2 ’1d2’7w4llcd03ﬂdeo2 -4 ’1d2’1w4llcd02ﬂdeoz -2 ’1d2’1w4/4(d() /"de{)z
+| —4 ”dzrlwzﬂcdl)zl’ldeoz +2 ﬂdzﬂwzﬂcdo Haeo ﬂdh02 - ’1w4ﬂcd02”de02 712
—4 ndznwzﬂcd() MdeOZ -2 '1w414a10 P‘deo2
20210 Heao Maeo™ + 210> M Heao Haeo®

2 2 2 4
< 2 Hed” Haeo™ — 4 Hedo Hdeo Hano™ + 2 Hano > 778

=

Equation (42) has been re-written as
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+ (—'112’122"32 - '112’1427122 - '112’1327I42 - '122'732’142) ’12 + '712'122'732’142

Equation (42) and Eq. (43) are compared and the roots are derived as

204> Heao® Haeo™ = 41> Hedo™ Haeo Hano™ + 2Ma* Heao Hano'
F414% Heao aeo™ = 414 Heao Haeo Harno™ + 41w Heao” Haeo
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-2 ’lwzﬂdeo /"dh()z + ”cdﬂzﬂdeoz =2 Uedo Haeo ”dhoz + ﬂdho4
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—2 Haeo Hano
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2, 4 2
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Another closed-form expression is generated using the second expression of Eq. (37) and expressed as

mnatnytngt =

;112+17§=0 and nlz—n§=0.
Equation (44), Eq. (45), Eq. (46), and Eq. (47) are written as
m’+m’ s 40y’ = Uy
m2m® +nns? g+ notns” gt 4 nytng? = U,
nnatns® g gt + gt = Us,
2 nyn = Uy,
The first expression of the Eq. (48) is substituted in the first expression of Eq. (49).
ns® +n> =U,.
The first expression of the Eq. (48) and Eq. (50) are substituted in the second expression of Eq. (49).
('122 +m3” + ’142) m?+ (’132 + '742) m* +n3?n, =U,,
('122 +UI)’7]2 +Uny? ""’132'142 =U,,
mn® + U, (’112 + "122) +mPn =Us,
m’m? +ny°ny* =U,.
The first expression of the Eq. (48) and Eq. (50) are substituted in the third expression of Eq. (49).
mm s g 4 g+ g = Us,
2.2( 2 2 22(,. 2 2
nm (’13 + 1y )+"I3 My ('11 +m )=U37
U; U

3
'112’122 =T v or ’112’722 = U
(713 +1y ) 1
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The last expression of Eq. (52) is substituted in the fourth expression of Eq. (49) and the last expression of Eq. (51).

U,U. (U,U, - Us)

2.2 1~4 2.2

= d = (53)
=Ty, A M U,

Equation (48) is substituted in the last expression of Eq. (52).

U U
2 _ 3 2 _ 3
Ni,= + Fl and Na= + 71 B4

U, has been derived as

2,2, 2 2, 2 2, 2
, 2 oo Ma ™M Hedo +4 Hyeo MM ”cd()+2/42de() Na ™ N
Nw™ Hedo Hdeo 4 UaeoMa” Heao = 2Ma” Hano™ F Haeo M Hedo

0. = 4 4o Nla” + 2 Haeo iy (55)
5=

2 (Mdhoz ~ Heao MdeO) (P‘cdo Haeo — Mdhoz + ﬂdeo)
The first expression of Eq. (53) is rewritten as

UU
2 1Y2
0 =—. (56)
: U3’1§

Equation (56) is substituted in Eq. (50) to derive the roots for 11§ 4

vy,

2
+n,=U,
Usny
U, U.
1 22 +1142—U1 =0,
Usny (57)
ny*Us = Uy Usng® + U, U, =0,
, UiUs= \/U12U32 —4U,U, U,
ny = .
4 2U;
The last expression of Eq. (57) is substituted in Eq. (50) to derive the closed-form expression for '1§~
U, U \/U U; (U U;-4U
2 1Usx 1 3( 1Y3 2). (58)
3 2U;
The last expression of Eq. (52) and the first expression of Eq. (53) are substituted in the last expression of Eq. (51).
3 2
I/Vl(rlﬁ) +VVZ(11§) +VV311§+VV4=0. (59)

where W}, W,, W3, and W), are derived and listed in Appendix B. The exact closed-form expression for the optimal frequency ratio
of the container with liquid has been derived using Eq. (59) and expressed as

2
3

1
—12W Wy +4WL% - 2WL W0 + W

2 .
(”dl)opl = 1 ’
W W,
V3WSR 4+ 12iV3W, Ws - 4in/3wy? - w2
2 —4W, /W5 + 12W3 Wy — 4 W2
(ﬂdz)op[ = 1 > (60)
2w W}
—iV3WSYE - 1213, W + 4i3W,2 - w2
2 —4W, /W5 + 12W3 Wy —4W,?
(”d3)opt = 1
2w, we

The real root with the positive values is considered from the Eq. (60) to evaluate the optimal frequency ratio of the damper. The

exact closed-form expression for the optimal value of £; has been derived by formulating a mathematical expression and expressed
as
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Fig. 4. The damper’s frequency ratio as a function of container mass ratio. The amplifier’s mass ratio is varied, i.e. u; = 0.005, u; = 0.005, and p, = 0.015. Eq. (25) is
applied in the Eq. (B.1), Eq. (B.2), Eq. (B.3), Eq. (B.4), Eq. (B.5), and the first expression of Eq. (60) to obtain this graph. The amplifier’s angle and mass ratios of the
liquid inside the horizontal and total length of the container are taken constant, i.e. ¢ =10°, u,, =0.01, and y;, = 0.005.

J|H,(m)I* & e, e +E
7 =0 and (éd)gpl:\/w. (61)

2
Ma234

After applying Eq. (61), the closed-form expression for the optimal damping ratio of the container with liquid has been derived and
expressed as

Z <§d)ipl +2, (fd)(z;pt +Z;= 0,

L —Zyx[-47, 25+ 2,2 (62)

(éd)opt = 27,

Z,, Z,, and Z; in Eq. (62) have been derived and listed in Appendix B The derived optimal closed-form solutions above have
been used in a parametric investigation. First, as a function of container mass ratio, the frequency ratio fluctuations are computed
graphically and shown in Fig. 4. In particular, as the mass of the container varies from 0.01 to 0.10, the changes in the frequency
ratio of the liquid are addressed. Eq. (25) is applied in the Eq. (B.1), Eq. (B.2), Eq. (B.3), Eq. (B.4), Eq. (B.5), and the first expression of
Eq. (60) to obtain this graph to produce this graph. This graph indicates that when the container mass ratio rises, the liquid frequency
ratio rises as well. When the amplifier’s mass increases, the characteristics change, nevertheless. As the amplifier mass ratio rises, the
liquid frequency ratio falls. For the nonlinear inertial amplifier liquid column dampers to provide robust vibration reduction, a high
moderate frequency ratio (near resonance frequency region) must be maintained, i.e. 0.7 to 0.99. Therefore, a moderate container
mass ratio and a lower amplifier ratio are recommended to produce a superior nonlinear inertia amplifier liquid column damper. This
graph is utilised further to generate optimum dynamic responses of the structures controlled by H_, optimised novel dampers. The
same characteristics are observed in Fig. 5 (a) and Fig. 5 (b). The frequency ratio variations are graphically estimated as a function
of container mass ratio and are displayed in Fig. 5 (a) and Fig. 5 (b). Specifically, the variations in the liquid’s frequency ratio are
discussed as the container’s mass varies from 0.01 to 0.10. In order to generate these graphs, Eq. (25) is applied in the Eq. (B.1),
Eq. (B.2), Eq. (B.3), Eq. (B.4), Eq. (B.5), and the second and third expressions of Eq. (60). This graph shows that the liquid frequency
ratio increases in conjunction with the container mass ratio. However, the characteristics alter as the mass of the amplifier grows. The
liquid frequency ratio decreases as the amplifier mass ratio increases. In order to achieve strong vibration reduction, the nonlinear
inertial amplifier liquid column dampers need to be operated at a high moderate frequency ratio (near resonance frequency range),
which is between 0.7 and 1.2 for the particular design of the liquid column dampers with higher resonating frequency regions.
Therefore, a moderate container mass ratio and a smaller amplifier ratio are advised in order to create a superior nonlinear inertia
amplifier liquid column damper. The optimum dynamic responses of the structures controlled by H_, optimised new dampers are
further generated by utilising this graph.

Using Eq. (62), the damping ratio variations are examined similarly to the frequency ratio variations. As a result, the container
mass ratio is used as the function to derive the variations in the optimal damping ratios of the damper, which are then graphically
shown in Fig. 6. The graph indicates that when the container mass ratio rises, the damper damping ratio rises. This graph indicates
that when the container mass ratio rises, the damping ratio rises as well. On the other hand, when the amplifier mass ratio rises,
the damper damping ratio falls. When base loading begins to apply, the damper’s under-damped state due to the excessively low
damping ratio prevents it from producing enough inertial forces for the system. Consequently, to get a strong performance out of the
H_, optimised liquid column damper, a moderate damping ratio—that is, 0.2 to 0.5 ranges—is needed. To construct the optimum
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Fig. 5. The damper’s frequency ratio as a function of container mass ratio. The amplifier’s mass ratio is varied, i.e. u; =0.005, u, = 0.005, and y, = 0.015. Eq. (25)
is applied in the Eq. (B.1), Eq. (B.2), Eq. (B.3), Eq. (B.4), Eq. (B.5), and the (a) second and (b) third expressions of Eq. (60) to obtain this graph. The amplifier’s angle
and mass ratios of the liquid inside the horizontal and total length of the container are taken constant, i.e. ¢ = 10°, u,, =0.01, and u, = 0.005.
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Fig. 6. The damping ratio of the H_ optimised damper is evaluated using Eq. (62) which is as a function of container mass ratio, i.e. x,. Equation (62) is applied to
obtain the graph. The other system parameters are considered as y, = 0.005, u, =0.005, and u, =0.015. ¢ =10°, u,, =0.01, and g, = 0.005.

nonlinear inertial amplifier liquid column damper, an all-inclusive, moderate container mass ratio and a small amplifier mass ratio
are needed.

4. Dynamic response reduction capacity evaluation

The newly developed nonlinear inertial amplifier liquid column dampers are applied to single-degree-of-freedom systems to atten-
uate their vibrations due to base excitation. H, and H optimised dampers are involved in this dynamic response reduction capacity
evaluation process. The governing system parameters for all single-degree-of-freedom systems are considered the same. The values
are listed in Table 1. In addition, the H, and H optimised design parameters are for this study are listed in Table 2 and Table 3. The
optimal displacements of the single degree of freedom system controlled by the H, optimised liquid column dampers are obtained and
graphically presented in Fig. 7 (a). An optimum conventional tuned liquid column damper and a tuned liquid column damper inerter
are considered from a renowned published journal paper. The optimal system parameters for these conventional dampers are taken
from this paper, cited in Table 2. Now, the maximum displacement response of each controlled structure is considered to evaluate
the dynamic response reduction capacity of a nonlinear inertial amplifier liquid column damper with respect to the dynamic response
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Table 1
Main dynamic system’s structural design parameter.
Main dynamic system Structural design parameter Quantity
S
Single-degree-of-freedom (SDOF)  Damping ratio 0.01

Table 2
The optimal design parameters of H, optimised liquid column dampers.

Damper Proposed by H, optimised design parameters

Nq 7] Nw ¢
Nonlinear inertial amplifier ~ This study 0.754837  0.124082 1.04435 0.354333
liquid column damper
Tuned liquid column Wang et al. [25] 2.39 0.4 1.04435 0.0588669
damper inerter
Conventional tuned liquid Wang et al. [25] 0.92 0 1.04435 0.0361704

column damper

The total mass ratio of each damper is considered the same to conduct a fair comparison among them in
terms of dynamic response reduction capacity.

Table 3
H, optimised design parameters for each optimum liquid column damper.

Damper Proposed by H, optimised design parameters

Hq 7] My [
Nonlinear inertial amplifier ~ This study 0.821583  0.489972 1.04435  0.161587
liquid column damper
Tuned liquid column Matteo et al. [26] 1.8302 0.6029 0.4315 0.0150839
damper inerter
Conventional tuned liquid Zhao et al. [27] 0.98 0 1.05 0.04

column damper

The total mass ratio of each damper is considered the same to conduct a fair comparison among them in terms
of dynamic response reduction capacity.

reduction capacity of the conventional tuned liquid column damper and tuned liquid column damper inerter. According to Fig. 7
(a), the maximum displacement of the uncontrolled single-degree-of-freedom system is obtained as 50. The maximum displacements
of the single-degree-of-freedom systems controlled by the conventional tuned liquid column damper, tuned liquid column damper
inerter, and nonlinear inertial amplifier liquid column damper are derived as 45.29, 20.53, and 10.41. A mathematical equation is
derived to obtain the dynamic response reduction capacity and expressed below.

(Hs("))TLCD,TLCDI - (Hs("))NlALCD

Hdr(%) =
(Hs (’7)) TLCD.TLCDI

x 100 (63)

In Eq. (63), (H s("’))T rcpricpr defines the maximum displacements of single-degree-of-freedom systems controlled by the conven-

tional tuned liquid column damper (TLCD) and tuned liquid column damper inerter (TLCDI). (H S(n))NI ALCD defines the maximum
displacement of the single-degree-of-freedom system controlled by the nonlinear inertial amplifier liquid column damper. The values
are obtained: (HS(’1))CTunedLiquidColumnDamper = 45.29, (Hs(n))TunedLiquidColumnDamperI = 20.53, and (Hs(n))NIALCD = 10.41. Accord-
ingly, the dynamic response reduction performance-wise, the H, optimised nonlinear inertial amplifier liquid column damper is
77.01% and 49.29% superior to the H, optimised conventional tuned liquid column damper and H, optimised tuned liquid col-
umn damper inerter. In a similar way, the H_, optimised damper’s dynamic response reduction capacity has been produced. Hence,
the graphical representation of the variations of the displacement responses of the single-degree-of-freedom systems controlled by
H, optimised dampers are shown in Fig. 7 (b). The optimal system parameters for the optimum conventional tuned liquid column
dampers and tuned liquid column damper inerters are taken from two published journal papers, and those are cited in Table 3. The

maximum displacement values are obtained: (Hx(n)) CTunedLiquidColumnDamper — 42.26, (HS('/))Tune dLiquidColumnDamper] — 38.74, and

(H s("’))Nl aLcp = 6-93. Therefore, the H,, optimised nonlinear inertial amplifier liquid column damper has 83.60% and 82.11%
more dynamic response reduction capacity than the H_, optimised conventional tuned liquid column damper and H_, optimised
tuned liquid column damper inerter.
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Fig. 7. The optimal displacements of the single degree of freedom system controlled by (a) H, and (b) H optimised liquid column dampers. The details of each
optimal design parameter for both figures are listed in Table 1, Table 2, and Table 3.

5. Summary and conclusion

This work presents nonlinear inertial amplifier liquid column dampers as an innovative method to markedly improve vibration
control in buildings without augmenting static mass. We formulated governing equations using Newton’s second law and Lagrange’s
approach, then optimised the damper’s design parameters employing H, and H , optimisation strategies. The efficacy of the nonlinear
inertial amplifier liquid column damper was shown by its application to a single degree of freedom (SDOF) system, wherein its
performance was juxtaposed with that of conventional TLCDs and inerter-based TLCDs.

+ The modified nonlinear inertial amplifier liquid column damper exhibited up to 83.60% enhanced vibration attenuation relative
to conventional systems.

« The closed-form solutions were established, offering pragmatic design assistance for engineers.

+ The suggested technology mitigates the bulk and flexibility constraints of conventional TLCDs without augmenting static mass.

This work’s principal innovation is the introduction of Nonlinear Inertial Amplifier Liquid Column Dampers, which significantly
improve upon conventional Tuned Liquid Column Dampers (TLCDs). Present TLCD designs need the incorporation of significant static
mass to attain efficient vibration mitigation, which is often impracticable for many applications owing to heightened costs, structural
flexibility concerns, and design constraints. Our suggested nonlinear inertial amplifier liquid column dampers architecture boosts
effective mass by the use of nonlinear inertial amplifiers, without increasing physical static mass. This innovative method overcomes
the shortcomings of conventional TLCDs and inerter-based TLCD systems, leading to markedly enhanced vibration attenuation.

We substantiate our research by demonstrating that, via H, and H_, optimisation, nonlinear inertial amplifier liquid column
dampers attain a dynamic response reduction of up to 83.60% and 82.11% superior to conventional TLCDs and inerter-based TLCD
configurations. This development has significant ramifications for civil engineering constructions, where effective, lightweight, and
economical vibration control is essential. The closed-form solutions we provide for optimum design parameters validate that our
technique is both theoretically robust and practically viable, constituting a significant addition to the area. These novel dampers
eliminate the disadvantages of conventional tuned liquid column dampers and tuned liquid column damper inerters, which offer
improved vibration mitigation without adding static mass and affordable anti-seismic solutions. The closed-form optimal designs
that have been suggested can be implemented practically. These discoveries advance the field by offering closed-form solutions
for optimum design parameters, making the nonlinear inertial amplifier liquid column dampers a practical and efficient option for
civil engineering applications, such as buildings, bridges, and other major structures. The nonlinear inertial amplifier liquid column
dampers design signifies a notable progression in vibration control, providing civil engineers with a more effective and pragmatic
option for enhancing the robustness of tall buildings, bridges, and other structures. The capacity to get enhanced performance without
augmenting static mass offers economic and technical advantages, possibly transforming the methodology of vibration control in large-
scale structures. This study enhances the existing understanding of passive vibration control and paves the way for future research
opportunities. The nonlinear inertial amplifier liquid column dampers idea may be applied to multi-degree-of-freedom systems, and
its efficacy under various dynamic loading circumstances warrants further study. This study provides a lightweight, economical, and
high-performance damping solution, facilitating the development of more robust and sustainable structural systems.
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Appendix A. The closed-form expression from Eq. (19), Eq. (21), Eq. (22), and Eq. (28)

The closed-form expression for N| from Eq. (19) is listed below.
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The closed-form expression for N, and N5 from Eq. (21) is listed below.
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The closed-form expression for N, from Eq. (22) is listed below.
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The closed-form expression for N5, Ng, and N; from Eq. (28) is listed below.
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+258496 p.40® Haeo ano® — 227480 Heao Haeo Haro”
+66104 p1,15* pano® — 42304 100 e + 128 10
+109368 ﬂcdosﬂdeozﬂdho2 —95056 Mcdo4ﬂdeo ﬂdho4

+27864 poip” Hano® = 11696 oo taen” + 29904 oy Haeo® Hano®
—25104 f1,415° 1o Hano* + 6896 Hogo® Hano® — 1856 e a0

+5184 107 Heo Heao® = 4800 g Haeg Hedo™ + 1472 Hano® Heao

—-128 #cd03ﬂdeo3 +384 l‘cdozﬂdeaz/‘dho2 — 384 pcgo Haeo ”dl104
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(A.3)

(A4
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2 4, 2
7 ”rd()é”de() -7 ”cdosﬂa’ho -29 ”cd()s Haeo + 29 Heao™ Hano
_ 4 2 2, 2
N =| =12 teao* taeo + 13 Heao ano™ + 60 Heag® Haeo = T3 Heao® Hano
2 2 2
+44 teao” Haeo = 8 Heao Hano™ + 8 Heao Maeo — 8 Hano

3
7 Mcdosﬂdeo -7 Hcdo4lldh02 —-16 Ilcd04 Haeo + 16 fegg /’ldh02
3
N7 =1 =35 oo Haeo + 37 Heao® Hano™ = 20 Heao® Haeo + 12 Hedo Barno®
=8 ey Haeo + 8 Hano

Appendix B. The closed-form expressions from Eq. (59) and Eq. (62)

The closed-form expressions from Eq. (59) are listed below.

W, = 8 ((Heao + 1) (Mo Heto +3’7w2 +1) tgep = 1/2 Hano®) .
((Hedo + 1) Haeo = Haro®)” (Mo Heao + o™ + 1) Heao®
16 ((Heao + 1) Haeo = Hano™) Heao
(”wzﬂcdo 1,7+ 1) (ﬂcdo + 1)
(m0* +3/41,7) Heao
+ (20, +9/4n,7 +1/4) Heao | Hedo Haeo®
1, +3/2n,2+1/2
(ﬂw6 +3/2 ”Iw4) ﬂc-do4

137,0 | 27n,*
B Doy Tty 9/4;1w2) toa?
W, = 157,,° 4, 25n,° 2 2, 2
+ = +19/2n," + = +5/8>ﬂcd0 Hano” Peo
197, | 1914,2
(7740 + B B 574) g
+1/4 (n,2+1) (n,* + 1,2 +2)
rlw4luz‘d03 + (8/3 ”w4 + 27’1,02) /’lcd02
+3/4 +(5/3m," +30,7 +2/3) Heao | Hano* Haco
+1/2n,2+2/3

=1/4 (10> tego + 1/2) Hano®

811,° /’lzrdOG Haeo® = 81> Heao” Haeo” Hano”™ + 321" Heao® Haeo®
=2811° Hedo* Haeo” Hano™ + 481> Heao* Haeo® — 36 M° eao” Haeo Hano®
167, a0 Mo = 32108 Heao Haeo® Hano™ + 161° Heao® Haeo® Hano”
+321,° Heao? Haeo® = 201° Heao® o™ Hano® + 801 Hedo” Haeo
1241, Hedo Haeo® Bano™ + 4410 Heao” Haeo™ Hano™ + 816 Heao” Haeo®
—41° Heao Haeo” Hano® + 144 ’1w6ﬂcd04 ﬂde04 —lo4 ’1w6llcd03/4de03/4dh02
341, Heao® aeo” Hano + 6 M Heao® aeo® = 181 Heao” Haeo® Hano®
187, * teao® Haeo Hano™ = 6™ Hedo® Haeo Hano® + 11215 Hego Haeo®
=841, % teao® Haeo™ Hano” + 61 Hedo Faeo” Hano” + 44 1™ Hedo” Haeo®

4, 4, 3, 2 4, 3, 2. 4 4, 2 6
W, = =104,  Heao” Maeo” Bano™ + T0M™ Heao” Haeo™ Hano™ — 161" Mean™ Haeo Mano
3= .

3211, Heao Haeo = 12108 beao Haeo® Hano™ + 110" teao* Haeo
—-196 ”w4/4cd03 Haeo” Hano™ + 94 ’lw4/4cd02#deozlldho4 -8 nw4/’l(:d0 Haeo Mdho6
F1121, a0 Haeo® = 13810 Heao® Haeo® Hano® + 361" Heao Haeo™ ano®
~21* Haeo Hano® + 41" Heao” Paeo = 131 Heao* Haeo” Hano
151, teao® Haeo® Hano™ = T 1™ Hedo® Haeo Hano® + Mo Hedo Hano®
+4071,* peao® Haeo™ = 28M* Heao Haeo® Hano™ + 410" Haco® Hano”

207, Heao Haeo” = 52M> Heao® Haeo” Hano” + 451> Heao® Faeo” Hano”
~141,> Hedo Haeo Hano® + ™ Hano® + 321> Heao® Haeo®
—62 ”wzl”cd02”de03”dh02 +34 nwzﬂcd() l‘deozﬂdh04 -4 "wzﬂdeo P‘dh06
1671, Hea Haeo™ = 20M0> Heao Haeo® Hano™ + 41M0” Baeo® Hano”
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Heao® ((M0® +1/2) Hego +10” + 1) Haeo”
M — 4 _ludh()zl’lcd() ((ﬂwz + 1) !flch + 1/2 ”wz + 3/2) Haeo . (B4)
+1/2 o (Heao + 1)
Haeo M’ (ﬂcdo M” + Heao/2 + 1" + 1) Haeo — 1/2 ﬂdh02) (P‘L»do + 2)

The closed-form expression for the W5 is derived as

IW.2W,2 + (18 W WL W, + 4 Wo3) W,
12\/5 1 4 ( 33 221 R 2) 4W1
W: = AW, WS — WP W, . (B.5)
—108 W, Wy * + 36 W3 Wy W) — 8 W,

The closed-form expressions for Z,, Z,, and Z; from Eq. (62) are listed below.

—-32 ’7d4 ((”rdO + 1) <_’7w2 + '1%!2,3,4) Haeo — ’712,2’3!4 Hdh02>

2
2 24,2 2 4 4
(ﬂcd() + 1) <_"w + '71,23’4> Haeo” T '71,23!4”:1}10

Z, = (B.6)
-2 ((”cdﬂ +1) '7411,2,3,4 ~ N (Heqo +1) '1%,2,3,4 —-1/2 "Iwz) Hano* Faeo
”?,2,3,4 ((‘1 + (Heap +1) ”%,2,3,4) (‘”wz + ’712,2,3,4) Haeo — ”?,2,3,4”dh02> Heao*
=161 teao” ((Heao +1) Haeo = Md}102)2 (Hedo Haeo = ﬂdh02)2 71112,3,4
(Heao +1)
(Ma* Hedo +1a™ + 2107 +1/2) beao aeo
Z,= 2o’ | + (1a® + 1> +1/2) Heao |Haeo | |M1234 ) (®B.7)
+1/2n,2+1/4
+Hano* (Ma* Heao +1/2)
((Mch + 1) Haeo — ﬂdh02) (/’lz:d() Haeo — ”dh()z) #z:d(]z
+P1'711,22,3,4 + PZ”:.OZ,3,4 + P3'7?,2,3,4 + P4"?,2,3,4 + PS"?,2,3,4
+16 (M(-do + 1) Ma® e M (ﬂwz (Mch + 1)2 Haeo T Mdh02> Mcd04’7%,2,3’4
The closed-form expressions for P;, P,, P;, P;, and Ps are listed below.
~2 (Hedo Haeo = ﬂdh02)4 ’111,82’3,4
+8 (Meao Haeo = ﬂdhoz)S
< Na* Hedo” Haeo + ((1a® + 1> + 1/4) Haeo = 12> Bano®) Heao > 16
-1/4 ﬂdh02 1:2:34
-12 (ﬂcd() Haeo — ﬂdhoz)z Hedo
Ma* Heao®
e +21,2 gﬂdz +4/3 sz + 1/3) Hedo Yoo
Z,= +ng* + (8/3n, +2/3) 14’ . (B.8)
\ - 1, +2/3n,° "11,42,3,4
Ma* teao®
2| +n4% (na® +4/31,% +2/3) tego | Fano* Haeo
+ (1/3;1w2 + 1/3) '7d2 + 1/31714,2
1y Hano* (Ma* Heao +2/3)

P 3+ Py s g P g PO 55 g+ Pro 5+ Pty 554+
2 (Heao + 1) Haeo™Ma® Hedo*10°
(ﬂdzﬂwzﬂcdozﬂdeo +2 Uyep (’1d2 + 1/2) Mo Hego + 14> (ﬂwzﬂdeo + Ildh()z))
The closed-form expressions for Py, P;, Py, Py, P)y, and Pj; are listed below. The closed-form expressions for P;, P,, P;, P,, and Ps
from Eq. (B.7) are listed below.
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=164 Hedo® Haeo® + 0414 Hedo Haeo® Hano™ = 96M4° Heao® Haeo” Hano
=161, Heao* Hano® = 6414° Heao” Haeo™ + 19214 Heao® Haeo™ Hano
~192114% Heao” Haeo® Hano™* + 6414 6 Hedo™ Haeo Hano® = 12814 1 Heao Maeo®
3841, 10> Hedo® Haeo® Hano™ = 38414 M Heao” Haeo™ Hano™* + 1281 1” Heao Maeo Hano®
=96 1% Heao® Haeo® + 19214° Heao” Haeo® Hano™ = 961a° o™ Haeo™ Hano®
=384, s> Heao® Haeo™ + 86415 1 Hedo aeo” Hano™ = 57614 ? Heao® Haeo™ Hano
+96 14 1" Hedo Haeo Pano® = 961 N Heao® Haeo™ + 19214° 1™ Heao® Haeo” Hano
—961, 2”lw4 Hedo Haeo® Pano® = 6414° beao® ﬂde04 + 641, 614(,1104 Haeo” Hano
=384, N> Heao” Haeo™ + 57615 > Heao* aeo” Hano™ = 19214 1” Heao® Haeo™ Hano
=814 Heao Haeo® + 324" Heao® o™ Hano™ = 4814 Heao” Haeo” ano®
+32 ’7d4/’4(:d04 Haeo Hano® = 814" Heao® Hano® — 192 ”d2”w4/"z:d05 Haeo®
+288 14210 Hedo Haeo® Hano® = 9614 Mw* Heao® Haeo™ Hano™ = 1614 Heao Haeo®
=128 1 N> Moo Haeo™ + 9612 M0” Heao® Haeo Hano™ = 48 14™ Heao® Haeo
1440, toao’ Haeo® Hano™ = 14404 teao Maeo® Hano® +4814* eao® Haco Hano®
-96 ”d2”w4/4ca’04”de04 +96 ndznw4”cd03/’lde03/"d1102 —-16 ’1d2”lw4llcdo2l4de02/4dho4
—64114 1" Meao® Haeo® + 19214 M Heao” Haeo® Hano™ = 19214 M Heao Paeo” Hano'
6411570, Hoao Haeo Hano® = T2 Heao® Haeo® + 14414 Heao® Haeo® Hano®
72 ’7d4#cd03#deozﬂdho4 —128 ’ldzﬂwzﬂcdosﬂdeo4 +296 ’ldzﬂwzl‘c-do4ﬂdeo3ﬂdh02
—20844 Z’Tuyzﬂcdf ”deOzﬂdh04 +407, 2’7w2ﬂcd02ﬂdeo Hano® = 3214* ”cd{)4 ﬂde04
+32014* a0 Mo Hano™ = 6414 M Heao Maeo® + 96 4™ Ny Hedo® Haeo® Hano®
-32 '1d2'7w2ﬂcdozﬂde02#dho4 -4 ndzﬂcd()é”de()4 +16 ”dzl"cd(ls Mde03/4dh02
—24 ’ld2l4cdo4ﬂde02 Hano* + 161, : Mcd03 Haeo Mdho6 —4ny 2/4cd02l4dh08
-8 ”dzl’lcd(ls Haeo" + 241, 2 ”cd{)4 ﬂde03 /"dh()z —-24 ”ldzﬂcda3 lldeozﬂdh04
81147 Heao® Haeo Hano® + 6414° Heao® Haco Mano®

P = (B.9)

64114M” Hedo® Haeo = 19214°M0% Beao” Haeo® Pano™ + 192141 Heao® Haeo” Hano®
—64114M,% Hedo” Haeo Hano® + 256 14N Heao Haeo® = 576 nd()rlwzl’lzrdoﬁﬂde()SﬂdhOZ
384110 Hedo” Haeo™ Hano” — 6414°M* Heao* Haeo Hano® + 192114 10 * Heao Haeo®
=38411,* 1" Heao® Haeo” Pano™ + 1921 M Heao® Baeo Hano® + 38414°M0” Heao® Haeo®
=576 141> Heao” Haeo” Pano™ + 192141 Heao Baeo™ Hano® + 576114 10 Heao® Haeo®
=864 1" Hedo” Haeo” Hano™ + 28814 Nus* Heao® Haeo™ Hano™ + 6411° 10 Heao® Maeo®
=641, 1, Hedo” Haeo” Hano™ + 2561417 Heao® Haeo™ = 192140 Heao Haeo™ Hano®
167155 1ean” Haeo® = 4814° teao® o™ Hano™ + 48 14° eao® Haeo® Hano”
~16714° Hedo™ Haeo Hano® + 57614 1 Heao Haeo® = 576114 0 Hedo® Haeo® Hano®
9614 1" tao® Haeo Hano™* + 3210 1™ Heao” Maeo® = 9604 N Hedo® Haeo® Hano®
+96 14 1> Hedo” Haeo Hano* = 324" Mo Heao* Haeo Hano® + 128141 Hedo” Haeo®
P= =96 14 1,® Hedo Haeo® Hano™ + 64120 Heao* Haeo® + 4814 Heao® Haeo . (B.10)
: =9614% a0 Haeo” o + 481a° Heao® Haco® Hano™ + 19214 10* teao Maeo
-96 ’1d4’7w414cd03 l‘de03/4dh02 +192 ”d4’7w2/’l(:d06/"de04 —416 ”d4’7w2/4z:d05 llde03 ﬂdh02
=32114*M* Hedo® Haeo /"dho6 + 641,70, beao* Haeo® = 321071068 Heao” Haeo” Hano”
+96 14N, Hedo® Haeo” = 1921 M0* Heao® Baeo™ Hano® + 9614 Mo Heao® Haco® Hano”
48115 a0’ Mo = 4814° Heao* Haeo® ano” + 28814 My Heao” Haeo
12815 1> Hedo® Haeo™ Hano™ + 19204 M Heao® Haeo™ = 30414° M Heao Haeo™ Hano
1120500 Hedo® Haeo™ Hano® +1614° Hao* Haeo® + 128110 oo Haeo
-96 nd4’7w2”cd03/"de03“dh02 +96 ”d2”w4/’l(:d04ude04 - 96 ndznw4”c'd03”de03/4dh02
1671571, teao™ Haeo Hano* + 161310 Heao® Maeo® = 4814 N Hedo” Haeo® Hano
+48 14N> Hedo Haeo™ Hano™ = 1614 Mo Heao® Haeo Hano® + 3204 N Hedo” Haeo
—80 ”d27’w2/"cd(}4“de()3 l‘arho2 + 64 ndznwzﬂc'dOS”deozl"dh04 - 16 ”dznwzﬂcd()z/‘de() Hano®
+256 '7d4'1wzﬂcd04#de02#dh04 —416 '1d4’1w2ﬂcd04 Mde03#4h02
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=96 14M0* Hedo® Haeo® +19214M* Hedo” Haeo® Bano™ = 9614 Mo Heao® Haeo™ Hano”
=3841,°1,* et Haeo® + 57614 6'1w414c406/4de03 Hano® = 192114°1,* Heao” Haeo” Pano
12815 1,  tego” Maco™ + 1281510 teao® Maeo® ano® — 576 ’ld6’7w4/4cd06/4de04
+57614M,0* Hedo” Haeo” Hano™ = 96 14°M* Meao® Haeo™ Hano® — 38414 10 Heao® Maeo®
16142 1,° Heao® Haeo® = 38414°M* eao” Haeo® +19214°00* beao® Haeo Hano®
—641, 6 M’ Hedo Haeo” +12814M% Heao® Haeo® Pano™ = 64140 Heao” Haeo™ Hano®
=38411,* 1, Heao” Haeo® + 19214 1,0 Heao Haeo” Hano™ = 4814 1™ Heao” Haeo®
+96 14 1 Heao® Haeo” Hano™ — 48 ”d477w4/"z:d05 Haeo” Hano* — 32 ’7d2'7w814a105/4de04
-96 ’ld6’7w4/4cd04/4de04 —-192 ’7d6’7w2ﬂcdoélldw4 +256 ndénwzﬂcdt)sﬂdeosl"dhoz
_ —-04 ’7d6'7w214c404/4de02#dh04 - 128 ”d4'7w6/4(:d04”de04 +32 ’744’lw6/4cd03#deo3lldhoz
7T —os8 ’7d4’7w4llcd06ﬂde04 +400 nd4”w4”cd05”de03”dh02 - 112 ’1d4”lw4#z,~do4l4de02ﬂdho4
=16141,° Hedo* Haeo® — 64114 2’7w6 Heao® Haeo® + 641410 Heao” Haeo” Hano”
=1921141% Heao” Haeo® +12814°M0% eao* Haeo® Hano™ = 43214 1™ Heao Paeo®
+400 ’ld4’1w4/4cdo4ﬂdeo3 Hano® = 56 ’7d4'7w4/"z:d03 Haeo” Hano* = 12814° 1, Heao Maeo®
+104 ”dz"’w6/’lz:d04 /"deOS ﬂdh02 —64ny 6’7w2 ”cd04 ﬂdeo4 = 19211, teao ﬂde04

(B.11)

+96 14 * M * Hedo” Haeo” Hano™ = 874" M Beao” Haeo” Pano™ + 1614 Mo Heao® Haeo™ Hano*
=814 s> Hedo Haeo Hano® = 6414 M Hedo Haeo™ + 321 M0° eao” Haeo™ Hano®
—24 ’ld2’7w4/4c406#de04 +48 ’1d2’1w414a105 l‘de03/4dh02 —-24 ’ld2’1w4l4cdo4ﬂdeozﬂdho4
-16 ’1d4’1w2ﬂcdo4ﬂdeo3ﬂdh02 +16 '7d4”lw2#cdo3llde02/4dho4 —48 ’7d2'7w4l4cd05/4deo4

2, 4, 4, 3, 2 2, 4, 3, 2, 4 4,6, 5. 3, 2
+8811 "My Hedo™ Haeo” Hano™ — 404" M™ Heao” Haeo™ Hano™ + 2881 My Meao® Haeo” Hano

64 71d6’7w6ﬂcd08/4d504 — 64 ’7d6’7w6”cd07/’lde03/4d1102 +256 '7d6'1w6ﬂcdo7ﬂdeo4
+32 '1d4'7wg/4cdo7ﬂdeo4 +384 '7d6’7w6ﬂcd06ﬂde04 - 192 '1d6'1w6ﬂcd05ﬂdeo3/4dh02
+96 ’7d4'7w8ﬂcd06ﬂd604 +256 ’7d6’7w6/’lcd05/4dw4 —64 '1d6'1w6l4cdo4ﬂdeo3ﬂdh02
+96 '1d6'1w4llcdo7 Mde04 —-112 '1d6'1w4ﬂcd06/4de03ﬂdh02 +16 ’7d6’7w4/’lcd05/4deozﬂdh04
+96 7ld4’1w8ﬂcd05 ”d904 +32 '7d4'1w6ﬂcdo7 ﬂdeo4 —-32 ﬂd4’1w6ﬂcdoﬁﬂde03ﬂdhaz
+64 ’7d6’7w6ﬂcd04”de04 +288 '7d6’7w4l"cd06ﬂde04 —-224 '1d6'1w4ﬂcd05ﬂdeo3ﬂdh02
161550,  tego* Maco® Hano® + 3210 1% tedo* Haco® + 1921418 beao® Maeo®
Py= =128 1,  Heao® Haco® Hano® + 161410 teao® Haeo® + 28814°M0" Heao® aco® - (B.12)
—-112 '7d6'7w4ﬂcdo4ﬂde03/4dh02 +288 ’1d4’Iw6l4cd05 ﬂde04 - 128 ”Id4’1w6ﬂcdo4ﬂdeo3ﬂdh02
320710 Hedo” o™ + 961310 Heao Haco™ + 1611 Beao” Haeo® Hano
-16 ’7d6'7w2l4cd04/’lde02/4dh()4 +128 '7d4"lw6ﬂcdo4ﬂdeo4 —-32 ’1d4'1w6/4cd03l4deo3ﬂdho
+16 '1d4'1w4/4cdosﬂdeo3ﬂdho2 - 16 7’[1471w4/4cd04”d902/4dh04 +16 ﬂdzﬂwgllcdo4ﬂdeo
+16 '1d2'7w6/4c406ﬂdeo4 - 16 ’1[12’7,4;6/40(105 Mdeo3 ﬂdhoz +16 '1d6'1w2Mcdo4ﬂdeo3ﬂdh02
+32 '1d4'1w4/4cdo4ﬂdeo3ﬂdho2 - 16 ’144’1w4ﬂcdo3ﬂdeozﬂdho4 +32 ”dZ”wGMchS ﬂde04
=32 '14271,4;6/40(104!4(1903 lldhoz -192 77d6’1w6/4cd06l"d903 .“dhoz

4 4 4
-16 ﬂdéﬂwsl‘cdogﬂdeo —64 ’Id6’1w8ﬂcd07ﬂde0 - 96 ”d6”u78#0d06/4de0
6, 8, 5, 4 6, 6, 7, 4 6, 6, 6, 3 2
=041, 1" Heao Haeo” — 0414 M Heao Maeo” + 3213 M Heao” Haeo” Hano
4.8, 1, 4 6, 8, 4, 4 6, 6, 6, 4
=804 My Heao' Haeo” — 16114°100" Heao™ Maeo™ — 1921471 Heao” Haeo

6, 6, 5 3 2 4, 8, 6, 4 6, 6 5, 4
_ +6413°1,° Hedo” Haeo” Bano™ — 48Ma™ N Heao” Baeo” — 19214 N0” Hedo” Haeo (B.13)
57 +327,6p 6 4 3 2_72p 4y 8 5 4_64n6p 6 4 4 .
Na Nw Hedo Hdeo™ Bano Na " Nw Hedo™ Hdeo Mg M Heao Haeo
6, 4, 5 3 2 6, 4, 4., 2 4 4,8 4, 4
=3214°1" Heao® Haeo” Hano™ +16M4°1" Heao” Haeo™ Hano™ = 324" Mw" Hedo Haeo

4, 6, 5, 3 2 2,8, 6, 4 6, 4, 4. 3 2
=814 My eao” Haeo” Hano™ = 4Ma Mw" Heao Haeo” — 324" M Hedo” Maeo” Hano
4 4 2 2 4
—16n, ’1w6l4cd0 ”de()Sﬂdh() =81y ﬂwsﬂcdoslldeo

The closed-form expressions for P, P;, Py, Py, Py, and P;; from Eq. (B.8) are listed below.
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814%Heao” Haeo" = 3214° Heao® Haeo” Hano” + 4814 Heao® Haeo” Hano'
=324 Hedo™ Haeo Hano® + 814° Heao® Hano® +2414° Heao® Haeo
=214 Heto” Haeo” Bano™ + 7214 Heao®* Haeo® Hano* = 2414 6”('d03 Haeo ﬂdh06
48115 1% Heao® Haeo® = 14415 10> Heao” Haeo Hano™ + 14414 10% eao® Baco® Hano”
=484 1> Hedo” Haeo Hano® + 2414 Heao® aeo® = 4814 Heao Haeo™ Hano
2414 Hodo? Haeo® Hano” + 9614 M eao” Haeo” = 21614 1% Mo Haeo® Hano”
1441, 1,0 Hedo? Haeo® Bano™ = 2414 M eao” Haeo Hano® + 4814 Mo Heao” Haeo
=961 N Hedo™ Haeo Hano™ + 4814 Ny Hedo® Haeo™ Hano® +871a% Heao Haeo
~8114° Hedo” Haeo” Hano™ + 4814 M Heao* Haeo® = 7214 10* Heao” Haeo Hano®
2415 1% Hedo” Haeo” Hano” + 104" eao® Haeo® = 4014 teao” Haeo Hano”
Ps = +60715* teao® Haeo® Hano® = 4014* Heao® Baeo Hano® +1014% eao® Hano®
481510 Hedo® Haeo® = 12147 M0 Hedo® Haeo® Bano™ + 2410 M0* Heao” Haeo™ Hano®
81, Heao Mo = 81 Heao® Haeo” Hano™ + 224" Heao” Haeo
—66 ’ld4/4cd04ﬂdeo3 Hano® + 661, 4“(:{103 Haeo” Hano®* = 2214 Heao® Paeo ﬂdh06
+3214% N> Hedo Haeo” = 9613 M Heao* Haeo™ Hano™ + 96131 oo™ Haeo” Hano
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=2114® Hedo® Haeo® +814° Heao” Haeo™ Hano™ = 12714% Heao® Haeo® ano™
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