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A B S T R A C T   

The Monte Carlo simulation (MCS) technique is quite simple in concept and the most accurate for seismic 
reliability analysis (SRA) of structures involving nonlinear seismic response analysis, considering the effect of the 
stochastic nature of earthquakes and the uncertainty of various structural parameters. However, the approach 
needs to execute several repetitive nonlinear dynamic analyses of structures. The metamodeling technique has 
emerged as a practical alternative in such a scenario. In SRA, the dual metamodeling approach is typically 
adopted to deal with the stochastic nature of earthquakes following a lognormal seismic response assumption. In 
contrast, a direct metamodeling approach of SRA can avoid such prior assumptions. Adaptive training near the 
limit state is important in the metamodeling-based SRA. However, its implementation is quite challenging for 
SRA due to the record-to-record variation of earthquakes. In this context, an adaptive sparse Bayesian regression- 
based direct metamodeling approach is developed for SRA, where an active learning-based algorithm is proposed 
for adaptive training of metamodels for approximating nonlinear seismic responses. As the sparse Bayesian 
regression is computationally faster than Kriging due to the sparsity involved in sparse Bayesian learning, the 
overall performance of the proposed approach is expected to be better than the adaptive Kriging-based SRA 
approach. The effectiveness of the proposed approach is illustrated by numerical examples.   

1. Introduction 

Seismic risk assessment is a fundamental process used to evaluate the 
potential impact of earthquakes on structures, infrastructure, and com
munities. As natural phenomena, earthquakes pose significant threats to 
human safety, property, and economic stability. By analysing and 
quantifying the risks associated with seismic events, engineers, planners, 
and policymakers can make informed decisions to mitigate potential 
hazards and improve the resilience of communities and structures. The 
assessment involves a systematic analysis of various factors, including 
the random nature of earthquakes, uncertainties in parameters charac
terising nonlinear structural behaviour, and the seismic hazard of a 
particular region. It aims to estimate the probability of damage or failure 
of a structure under specific earthquake scenarios and hazard levels. By 
understanding the potential consequences of seismic events, appropriate 
measures can be taken to enhance building codes, retrofit existing 
structures, develop emergency response plans, and allocate resources 
effectively. Researchers have developed several approaches to estimate 
the reliability of nonlinear structures subjected to stochastic ground 

motions [1–3]. In fact, the performance-based earthquake engineering 
(PBEE) [4] approach has emerged to focus on designing structures to 
meet specific performance objectives under various earthquake sce
narios. Seismic risk assessment is crucial in PBEE by providing valuable 
information to establish performance criteria and optimise designs. 

Seismic reliability analysis (SRA) is a specialised methodology used 
to assess the probability of failure or damage to a structure when sub
jected to seismic forces. It is an essential component of seismic risk 
assessment and PBEE, providing valuable insights into the structural 
performance under various earthquake scenarios. The primary objective 
of SRA is to evaluate the reliability of a structure involving nonlinear 
seismic response analysis considering the uncertainties in material 
properties, geometric dimensions, and other factors that influence its 
behaviour during an earthquake. Unlike traditional deterministic 
methods, which assume fixed values for all parameters, SRA considers 
the inherent variability and randomness associated with earthquakes 
and structural responses. In classical random vibration theory, SRA 
typically models earthquakes as a stochastic process and solves the 
associated outcrossing problem. Typically, linear random vibration an
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alyses are conducted in the frequency domain using averaged power 
spectra from various sources. This provides insight into maximum 
elastic structural responses but underestimates the variabilities in the 
response quantities compared to that obtained by analyses using 
recorded accelerograms. Additionally, the frequency domain approach 
derived from classical random vibration theory is inadequate for SRA 
within the PBEE framework, which requires modelling nonlinear 
structural behaviour under seismic excitation. Instead, time domain 
analysis using suites of ground motion records is better suited for SRA 
within the PBEE framework [5]. In the PBEE framework, the SRA 
problem is often simplified to determine the probability of failure, where 
the maximum seismic response surpasses a predefined allowable value 
during the entire duration of an earthquake. This simplification is car
ried out to ensure that a specific performance level is achieved for the 
structure under consideration [6]. Hence, the performance function or 
limit state function (LSF) can be expressed as, 

g(X)=min
t
[C(XC, t) − D(XD, t)] (1)  

where, g, C and D are the LSF, the capacity and demand functions, 
respectively; X consists of two vectors, XC and XD which respectively 
represent the resistance and load-related variables and t is the time 
parameter. The conditional probability of reaching a specific limit state, 
or in other words, the probability of failure for a given value of an in
tensity measure, is often referred to as a fragility curve [7]. When failure 
occurs in a structure, it is generally represented by the condition g(X) ≤
0, and the probability of failure (Pf), can be mathematically expressed as 
a multi-dimensional integral over the joint probability density function 
(PDF), fX of the random variables in X, as, 

Pf =

∫∫

…
g(X)≤0

∫

fX(X)dX (2) 

The accurate evaluation of the integral mentioned above often re
quires significant computational resources. Various approximations are 
commonly used to estimate the probability of exceeding a given 
threshold value for a limit state of damage in response to seismic actions. 
Several review articles have covered related developments in seismic 
performance assessment of structures, encompassing seismic action 
modelling, seismic response analysis, and fragility assessment [5,8,9]. In 
this regard, a more precise and conceptually straightforward approach 
for SRA is based on the Monte Carlo simulation (MCS) technique. It is 
widely recognised for its validity and robustness [10]. However, the 
primary hindrance of this approach is that it demands a large number of 
repetitive nonlinear time history analyses (NLTHA) of the structure 
under consideration to achieve an acceptable level of confidence in 
estimating the Pf value, resulting in high computational expenses. 

The metamodeling technique has emerged as a promising alternative 
to address the challenge of computationally intensive repetitive NLTHA. 
Metamodeling involves constructing surrogate models (metamodels) 
that approximate the complex and computationally expensive implicit 
LSF. These metamodels are more straightforward and faster to evaluate 
than the original model. One can perform probabilistic analyses using 
metamodels with significantly fewer NLTHA, saving computational re
sources while still maintaining reasonable accuracy in estimating the Pf 
values. Among various metamodeling techniques, applying the least 
squares method (LSM) based polynomial response surface method 
(RSM) is the simplest and most commonly used metamodeling technique 
in SRA of structures [6,11–17]. However, it has limitations in predicting 
nonlinear responses accurately in some local regions of interest, which is 
otherwise essential for accurately estimating failure probability. The 
global nature of LSM-based RSM can be a significant source of error, as it 
may not fully capture the complex variations within specific regions of 
the input space [18]. Various advanced metamodeling techniques 
address this limitation by their ability to adaptively approximate the 
local trend of an LSF. For example, the successful application of moving 

LSM-based RSM [19], artificial neural networks [20,21], support vector 
regression [22,23], Kriging [24,25] etc., may be noted. However, 
applying such metamodeling techniques for SRA is quite challenging 
due to the high-dimensional nature of earthquake input parameters, 
leading to several input variables needed to accurately approximate 
output responses. This difficulty is addressed by a common approach 
that partitions the input variable space into two groups, i.e. the struc
tural parameters and the stochastic sequences. One approach that uti
lises such a concept of separation is the SRA by RSM with a random 
factor [6]. The other commonly used technique is the dual RSM [26], 
which also typically divides the input space into two vectors to improve 
the efficiency of the analysis. The latter approach has been widely 
employed for the SRA of structures [13–17,19,27–30]. However, the 
dual metamodeling approach in SRA requires prior assumptions about 
seismic response distributions. An alternative metamodeling approach 
in SRA is to use techniques like high-dimensional model representation 
(HDMR) that decomposes the nonlinear input-output relationship to 
effectively handle high-dimensional input spaces and provide accurate 
approximations of the relation between seismic responses and uncertain 
inputs of the structural models [31,32]. In addition to the methods 
mentioned earlier, earthquake accelerations can be treated as input 
variables to the metamodel, and the structural response time history is 
predicted directly [33]. A recent application of such an approach using 
deep neural networks for SRA is worth noting [34]. 

The success of a metamodel in the reliability analyses of structures 
relies profoundly on the selection of training samples during the design 
of experiments (DOE). Adaptive sampling, which involves increasing the 
training samples iteratively near the limit state, is a decisive approach 
widely applied to enhance the accuracy and effectiveness of structural 
reliability analysis [35–49]. Among these strategies, the active 
learning-based approach has received significant attention. Active 
learning-based algorithms, such as those proposed by Echard et al. [37] 
and Bichon et al. [50], have been widely applied. In this regard, a recent 
review article on active learning in structural reliability analysis by 
Moustapha et al. [51] offers a comprehensive overview of this rapidly 
evolving area. However, implementing adaptive training near the limit 
state in metamodeling-based SRA is challenging due to the 
record-to-record variation of earthquakes. For this reason, there are 
limited studies on the adaptive metamodeling approach for SRA 
[52–54]. Nonetheless, these adaptive metamodeling approaches rely on 
the lognormal assumptions of seismic responses. This assumption ne
cessitates the calculation of the mean and standard deviation of seismic 
responses at each new training point, which results in the evaluation of 
seismic responses for all ground motion records considered to account 
for record-to-record variations. As a consequence, the total number of 
NLTHA and the computation cost increase significantly. This issue needs 
to be addressed in developing any adaptive metamodeling approach so 
that the total number of NLTHAs is reduced for an efficient SRA. 

The present study aims to develop an active learning-based adaptive 
metamodeling approach for SRA that does not rely on any prior distri
bution assumptions about nonlinear seismic responses. For this, separate 
metamodels are constructed to approximate the responses of each 
earthquake in the suite of ground motion records, which are built to 
address the record-to-record variation of earthquakes. This concept was 
previously studied for SRA using support vector regression [22], and 
Kriging [25] metamodels, but both studies employed a single-shot DOE 
for metamodel training. Very recently, the support vector 
regression-based approach has been further improved by an adaptive 
training scheme [23]. In the present study, separate metamodels are 
updated using an active learning algorithm to improve accuracy near the 
limit state. Unlike existing active learning approaches for SRA, the 
addition of a new training point incurs only one NLTHA corresponding 
to the specific ground motion of interest. As a result, the total number of 
NLTHA runs is anticipated to be significantly reduced. This reduction in 
NLTHA leads to a more efficient and computationally cost-effective 
metamodeling approach for SRA. Further, sparse Bayesian regression 
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is chosen as the metamodeling technique due to its computational effi
ciency, thanks to the sparsity involved in sparse Bayesian learning. The 
proposed approach offers improved performance compared to the 
existing active learning-based adaptive approach in terms of accuracy 
and computational cost. Two realistic numerical examples of SRA are 
presented to demonstrate the effectiveness of the proposed approach. 
These examples showcase how the sparse Bayesian regression-based 
adaptive metamodeling approach outperforms the existing approach, 
providing enhanced accuracy while reducing computational expenses. 
Overall, this research aims to contribute to the field of SRA by intro
ducing a novel metamodeling technique that addresses the challenges 
associated with accurate nonlinear seismic response approximation by 
adaptive training avoiding prior distribution assumptions. The article 
provides a comprehensive explanation of the proposed approach and 
demonstrates its efficacy through numerical illustrations. 

2. Seismic reliability analysis 

2.1. Nonlinear time history analysis of structures subjected to seismic 
excitation 

The dynamic response of structural systems to transient loads can be 
obtained by direct numerical integration of the equations of motion in 
the time domain. The Newmark-β method, proposed initially by New
mark in 1959 [55], has become one of the most widely used time inte
gration schemes for structural dynamics. The incremental equations of 
motion for a single-degree-of-freedom structural system subjected to 
seismic excitation can be expressed as [56]: 

m0Δü+ ctΔu̇ + ktΔu = − m0Δüg (3)  

Where, m0 is the mass, ct and kt are the initial tangent coefficients of 
damping and stiffness, respectively at the beginning of the time step. For 
the considered time interval Δt = ti+1 − ti, Δu, Δu̇, Δü and Δüg represent 
the different incremental motions. u, u̇ and ü are the relative displace
ment, relative velocity and relative acceleration of the mass with respect 
to support, respectively, and üg is the ground motion applied at the 
support. Using the Newmark-β method, the equation of motion at time 
ti+1 is solved using the known displacement, velocity, and acceleration 
at time ti and the excitation at time ti+1. The Newmark-β method basi
cally adopts the following relationships [55,56], 

Δu̇=Δtüi + δΔtΔü (4)  

Δu=Δtu̇i +
(Δt)2

2
üi + β(Δt)2Δü (5)  

where δ and β are free parameters. The commonly used average accel
eration method corresponds to δ = 1/4 and β = 1/2. Rearranging Eq. 
(5), Δü is obtained as: 

Δü=
1

β(Δt)2Δu −
1

βΔt
u̇i −

1
2β

üi (6) 

Substituting the value of Δü into Eq. (4) gives, 

Δu̇=
δ

βΔt
Δu −

δ
β
u̇i + Δt

(

1 −
δ

2β

)

üi (7) 

Substituting Δu̇ and Δü into Eq. (3) gives, 

kΔu=Δp (8)  

in which 

k = kt +
δ

βΔt
ct +

1
β(Δt)2m0

Δp = − m0Δüg +

(
m0

βΔt
+

δ
β
ct

)

u̇i +

[
m0

2β
+ Δt

(
δ

2β
− 1

)

ct

]

üi

(9) 

Solution of Eq. (8) provides the incremental displacement, Δu. 
Finally, the responses at time ti+1 are obtained as, 

ui+1 = ui + Δu; u̇i+1 = u̇i + Δu̇; üi+1 = üi + Δü (10) 

The formulation for a single-degree-of-freedom system presented 
above can be easily expanded to multi-degree-of-freedom structural 
systems [56]. The outlined solution method remains valid if damping 
and restoring force nonlinearities follow identical load-unload paths. 
The solution procedure is the same for geometrically nonlinear problems 
with linear damping. However, with material nonlinearity and linear 
damping, as typical under seismic loading, the solution must account for 
hysteretic force-deformation behaviour. In such cases, the procedure 
requires modification to minimise unbalanced forces when stiffness 
varies during time stepping. Specifically, an iterative approach is needed 
to track varying stiffness from loading reversals and satisfy dynamic 
equilibrium. 

For instance, in the modified solution procedure for elastoplastic 
material [56], the damping coefficient ct is taken as constant; the stiff
ness kt varies between the initial elastic stiffness k0 and zero based on the 
deformation state. Specifically, kt equals the initial k0 during elastic 
loading and unloading when the response follows the initial stiffness 
path. In contrast, kt becomes zero during plastic deformation when the 
system exhibits no additional stiffness. Tracking kt based on the current 
elastic or plastic condition enables the proper capture of hysteretic 
behaviour. The solution procedure checks elastic versus plastic defor
mation states at the beginning and end of each time step. For steps that 
remain entirely elastic, the computations normally proceed to the next 
increment. However, if yielding occurs within a step, indicated by the 
transition from elastic to plastic, the calculations are restarted for that 
specific increment. This involves first computing an elastic displacement 
increment (Δu)e as a fraction of the calculated initially total increment 
(Δu)0: 

(Δu)e = ae(Δu)0 (11)  

where ae is a scalar (less than 1) such that the system just reaches 
yielding. After computing the elastic sub-increment, the plastic 
displacement (Δu)p is calculated by applying the remaining load fraction 
(1 − ae)Δp using Eq. (8). This plastic increment evaluation sets stiffness 
kt = 0, representing zero stiffness in the post-yield regime. Finally, the 
total displacement for the entire time step equals the sum of the elastic 
displacement fraction (Δu)e and plastic displacement increment (Δu)p. 
After initial plastic yielding, the system remains plastic while velocity 
stays positive, indicating continued displacement increase. The solution 
continues using Eq. (8) with kt = 0 during this plastic deformation 
phase. Once velocity becomes negative, signifying unloading, the state 
switches from plastic back to elastic within the same time step. For this 
elastic unloading, the computations are restarted with elastic stiffness kt 
restored. The solution must detect when velocity becomes zero during 
unloading, indicating the reversal point. This is done by factoring the 
originally calculated displacement increment Δu by a scalar e to make 
the total displacement u(t) have zero velocity u̇(t) = 0. The load 
decrement (1 − e)Δp then gives the remaining unloading increment 
(Δu)a using Eq. (4) with restored elastic stiffness kt. Finally, the total 
step displacement Δu is the sum of eΔu and (Δu)a. 

2.2. Metamodel-based seismic reliability analysis of structures 

Unlike reliability analyses of structures under static or deterministic 
dynamic loads, applying the metamodeling approach for SRA poses 
significant challenges. The primary difficulty arises from dealing with a 
large number of input parameters due to the high-dimensional nature of 
earthquake input forces. To address this issue, the dual RSM has been 
commonly employed [26]. Instead of modelling the seismic excitation as 
a random input parameter, the analysis involves considering a set of 
ground motions to implicitly incorporate the impact of record-to-record 
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variations in the assessment. In the dual metamodeling approach, the 
mean and standard deviation of the desired seismic responses for all 
ground motions in the suite are approximated by two separate meta
models. It is assumed that the overall seismic response follows a certain 
distribution (mostly lognormal) with the obtained mean and standard 
deviation. By utilising the approximated overall seismic response, the 
failure probability for a given seismic intensity level can be calculated 
through the MCS technique. On the other hand, separate metamodels 
can be constructed to approximate the responses of each ground motion, 
and the approximated response corresponding to a randomly selected 
ground motion is used by the MCS technique to estimate failure prob
ability at a given seismic intensity level [22,25]. The latter approach 
does not rely on any prior distribution assumption as required in the 
dual metamodeling approach. Like the direct MCS technique, one 
ground motion is randomly selected from the suite and each record has 
an equal probability of being chosen. If m ground motions are consid
ered in the suite, then ŷk(x) for k = 1, 2, …, m i.e., m metamodels for 
each of them are constructed as a function of uncertain structural pa
rameters x. Once the metamodels are built for all the ground motions in 
the bin, the MCS technique is readily performed for SRA by generating 
random samples of input parameters x based on the associated PDFs and 
random selection of metamodel from the bin. Such random selection of 
metamodel from the bin implicitly incorporates the conventional notion 
of considering record-to-record variations of earthquake motion. This is 
based on the assumption that the ground motions in the bin obtained for 
a target hazard level have an equal probability of occurrence i.e. any 
earthquake of specific intensity is equally likely to occur. Therefore, the 
present approach needs sample generation for input parameters x only. 
Additionally, the metamodel incorporates the earthquake intensity 
parameter as an extra dimension, alongside the structural uncertain 
parameters, to estimate the seismic reliability effectively at various in
tensity levels [27]. In the present study, the peak ground acceleration 
(PGA) is chosen as the intensity measure and ŷk(x) is modified by 
including its dependency on PGA as ŷk(x,PGA). However, the approach 
is generic, and any other seismic intensity measure can be used. 

3. Proposed adaptive sparse Bayesian regression for seismic 
reliability analysis of structures 

The present study relies on the sparse Bayesian regression-based 
metamodeling approach for the SRA of structures. Thus, before devel
oping the proposed adaptive approach, the mathematical formulations 
of sparse Bayesian regression are briefly presented for a smooth 
transition. 

3.1. Sparse Bayesian regression 

Sparse Bayesian regression is a probabilistic framework for learning 
in models expressed as a linearly weighted sum of basis functions, where 
the output is a function of the input space. In contrast to conventional 
regression techniques, where point estimates are only computed for the 
regression coefficients (i.e., weight parameters), a Bayesian regression 
estimates distributions over the parameters and predictions. The sparse 
Bayesian learning process involves inferring the parameters of the 
regression function from a training dataset. It combines the advantages 
of Bayesian inference with sparsity-inducing techniques, allowing for 
the automatic selection of essential basis functions while estimating 
their associated weight coefficients. In sparse Bayesian regression, most 
of the weight parameters are automatically set to zero during the 
learning process, making the predictor sparse as it contains very few 
non-zero coefficients relevant to making good predictions [57]. This 
effectively circumvents the overfitting, i.e. a generalisation ability of the 
prediction. The key feature of this approach is that apart from offering a 
good generalisation performance, the inferred predictors are exceed
ingly sparse in that they contain relatively few non-zero regressor 

parameters. Whereas the traditional Bayesian regression makes pre
dictions using all possible regression weights, weighted by their poste
rior probability. The solution has no sparsity, as all regression 
coefficients have non-zero values. Consequently, the traditional 
Bayesian regression does not have a good generalisation performance 
like sparse Bayesian regression. The model is mathematically repre
sented as: 

y(x;w)=
∑M

m=1
ωmφm(x), (12)  

where, y(x) is the predicted output value for input x, M is the number of 
basis functions used, φm(x) represents these basis functions (which can 
be nonlinear and predefined), and w = {ω1,ω2,…,ωM}

T is the param
eter vector where ωm are adjustable parameters (also known as weights) 
associated with each basis function. The appropriate values for the 
weights that best fit the training data are achieved through a Bayesian 
probabilistic framework for learning, as detailed by Tipping [57]. 

In this Bayesian learning approach, the target values t =
{t1, t2,…, tP}T in the training dataset {xi, ti}P

i=1 are assumed to be 
generated from the model y = {y(x1), y(x2),…, y(xP)}

T with additive 
noise ε = {ε1, ε2,…, εP}

T i.e., 

t=y + ε = Φw + ε (13)  

Where, Φ represents the P × M design matrix where each row corre
sponds to a training data point, and the row itself contains the M basis 
functions for that data point. It is further assumed that ε contains in
dependent samples from a Gaussian process with zero mean and vari

ance σ2, i.e., p(ε) =
∏P

i=i
N

(
εi
⃒
⃒0, σ2) . Consequently, the error model leads 

to a multivariate Gaussian likelihood for the complete dataset, given by, 

p
(
t
⃒
⃒w, σ2)=(2π)− P/2σ− P exp

(

−
‖t − Φw‖

2

2σ2

)

. (14) 

However, when performing maximum likelihood estimation of w 
and σ2 with as many parameters in the model as training examples, it can 
lead to severe overfitting. To prevent overfitting, a Gaussian prior dis
tribution is defined over w, with a vector of independent hyper
parameters α = {α1,α2,…,αM}

T controlling the relevance of each 
parameter, as follows, 

p(w|α)=
∏M

m=1
N

(
ωm

⃒
⃒0,α− 1

m
)
=(2π)− M/2

∏M

m=1
α1/2

m exp
(

−
αmω2

m
2

)

. (15) 

As a type of automatic relevance determination prior, this encour
ages sparsity, meaning some parameters may be set to zero, leading to a 
simpler model with fewer basis functions [57]. The posterior distribu
tion of the parameter vector w given the data is obtained by combining 
the likelihood (Gaussian noise model) with the prior using Bayes’ rule as 
follows, 

p
(
w
⃒
⃒t,α, σ2)=

p(t|w, σ2)p(w|α)
p(t|α, σ2)

. (16) 

The resulting posterior is a Gaussian distribution with updated mean 
μ and covariance 

∑
, which can be expressed as, 

μ= σ− 2
∑

ΦTt
∑

=
(
A + σ− 2ΦTΦ

)− 1
, (17)  

Where, A defined as diag(α), i.e., diagonal matrix with vector α. 
Bayesian inference over the hyperparameters is theoretically chal
lenging, so a most-probable point estimate αMP is typically obtained 
using a type-II maximum likelihood procedure [58]. Sparse Bayesian 
learning is achieved by maximising the marginal likelihood (or its log
arithm) with respect to the hyperparameters α, as follows, 
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L (α)= log p
(
t
⃒
⃒α, σ2)= log

∫∞

− ∞

p
(
t
⃒
⃒w, σ2)p(w|α)dw=

−
1
2
[
N log 2 π + log|C| + tTC− 1t

]
(18)  

Where, C = σ2I+ ΦA− 1ΦT. Once the hyperparameters are estimated, 
prediction y∗ and its variance σ2

∗ can be made by evaluating the model at 
a new point x∗ using the learned parameters and the basis functions as, 

y∗ =φ(x∗)μMP (19)  

σ2
∗ = σ2

MP + φ(x∗)
∑

MP
φ(x∗)

T (20)  

Where, φ(x∗) represents the row vector of the basis functions at x∗; 
∑

MP 
and μMP are obtained by substituting α = αMP and σ2 = σ2

MP in Eq. (17). 
The basis functions are broadly categorised into two types, namely, 

fixed and data-centred. The fixed basis can be linear, nonlinear, or 
higher-order polynomials. The data-centred basis functions are gener
ally made of kernel functions involving prerequisite kernel parameter 
(s). The data wastage and additional computational time for proper se
lection of such parameter(s) are the main disadvantages of using data- 
centred basis functions. In contrast, a fixed basis is free from such dis
advantages. The performances of using two fixed-type basis functions, 
namely, the first- and second-order polynomial functions, for the active 
learning-enhanced sparse Bayesian regression to estimate reliability are 
demonstrated by Roy et al. [48]. The superior performance of the 
second-order polynomial basis function was observed. Following this, 
the second-order polynomial is chosen as the basis function in the pre
sent study. In such a polynomial with n variables, a total of (n+1)(n+2)

2 
basis functions can be expressed as, (x) =

[
1,x1,⋯,xn,x2

1,x1x2,⋯,xn− 1xn,

x2
n
]
. 
The computational involvement of the proposed sparse Bayesian 

regression and the most commonly used Kriging model are studied by 
comparing the computational time for constructing a metamodel and 
approximating the LSF at one million points by the metamodel for 
different input dimensions and training data sizes in Table 1. The time 
required by the Kriging approach is shown in brackets. The computation 
time shown excludes the generation of training data. Thus, this com
parison is independent of the nature of the numerical example except the 
input dimension. The computation time slightly increases with respect 
to the input dimension, and changes are insignificant with regard to 
training data size in the case of sparse Bayesian regression. The 
computation time for Kriging increases significantly with both input 
dimension and training data size. 

3.2. Proposed active learning-based adaptive metamodeling approach of 
seismic reliability analysis 

The proposed adaptive metamodeling approach differs from the dual 
metamodeling approach in its fundamental requirement. The approach 
no longer necessitates any prior distribution assumptions for seismic 
responses. Instead of constructing metamodels solely for the mean and 

standard deviation of seismic responses, the new approach adopts a 
more refined strategy. Separate metamodels are built to approximate the 
seismic response for each ground motion within the specified suite. 
Without prior information about the failure plane, treating the entire 
input space as equally important when selecting initial training points 
becomes necessary. To achieve this, a space-filling design, i.e. uniform 
design (UD) is employed. This design ensures the lowest discrepancy 
from a uniform distribution [59], allowing for the construction of an 
initial DOE that effectively covers the input space. The initial DOE is 
common for all distinct initial metamodels, each corresponding to 
different ground motions in the suite. However, the failure plane cor
responding to a particular ground motion exhibits a shift for changes in 
PGA levels and varies significantly across different damage states. As a 
result, it becomes necessary to implement separate adaptive sampling 
processes for each PGA level and damage state. The present approach 
accurately represents the complex relationships between ground mo
tion, PGA levels, damage states, and the corresponding failure planes. 

The values of Pf at various PGA levels are required to obtain for 
seismic vulnerability assessment of structures. An MCS population of 
NMC points consisting of randomly generated samples of the structural 
parameters is considered to obtain Pf values. The control variable PGA is 
kept constant for which Pf needs to be calculated. Then, each of the NMC 
points is randomly assigned to a ground motion from the suite of m 
number of records. Without loss of generality, it is assumed that Nk 
points are assigned to k-th ground motion. As mentioned above, the 
proposed approach updates the metamodel for any ground motion at 
each of all possible combinations of damage state and PGA level. The U 
function developed by Echard et al. [37] is employed as the learning 
function for selecting new sample points by the proposed active learning 
algorithm. If a metamodel has the LSF prediction μ̂(x) and its predictive 
variance σ̂(x) at a point x, then the U function can be evaluated as 

U(x) = |̂μ(x)|
σ̂(x)

at that point. Interestingly, the standard normal cumulative 

density function (CDF) of the negative of this learning function repre
sents the probability of a point being misclassified, i.e., having a wrong 
sign assignment for the LSF. Following this, the stopping criterion for the 
U function is set to U > 2, which corresponds to a probability of less than 
0.023 for such a mistake, as originally recommended by Echard et al. 
[37]. On the other hand, a stopping criterion based on the stabilisation 
of the failure estimate has recently been endorsed by Roy et al. [48] for 
the U function-based active learning algorithm, where sparse Bayesian 
regression is used as the metamodeling technique. The stabilisation is 
deemed achieved when ten consecutive iterations produce failure esti
mates within ±1% of the latest estimate. In the present study, both 
stopping criteria are applied simultaneously to prevent unnecessary 
wastage of data. The step-by-step procedure of the proposed active 
learning-based adaptive metamodeling approach for k-th ground motion 
at a specific value of PGA is presented below. 

Step 1 - Select an initial DOE with p0 training samples following a UD 
over the entire input space. 
Step 2 - Based on the DOE, train the metamodel. 
Step 3 - Evaluate the LSF prediction and its variance at the Nk points 
from the latest metamodel. 
Step 4 - Estimate the number of failure points (n̂k

f ) among the Nk 

points. 
Step 5 - If the n̂k

f in the previous 10 iterations is within ±1% of the 

present n̂k
f then updating of the metamodel is stopped and go to step 

9. 
Step 6 - Calculate the values of the U function at the Nk points. 
Step 7 - If the minimum value of the U function is greater than 2, go 
to step 9. (i.e., no new training point will be added) 
Step 8 - Select the point corresponding to the minimum value of the U 
function. Add it as a new training sample into the DOE and go to step 
2. 

Table 1 
Comparison of computational time for predicting response for varying input 
dimensions and training data size.  

Sparse Bayesian 
regression 
(Kriging) 

Time Required (in seconds) 

For 3 input 
variables 

For 5 input 
variables 

For 8 input 
variables 

For 10 input 
variables 

50 training data 1.70 (4.05) 1.80 (4.72) 2.12 (5.72) 2.16 (6.64) 
250 training data 1.70 (30.6) 1.80 (35.1) 2.16 (37.5) 2.63 (40.8) 
500 training data 1.70 (101) 1.80 (108) 2.18 (116) 2.64 (121) 
750 training data 1.70 (212) 1.80 (222) 2.19 (243) 2.67 (248) 
1000 training data 1.70 (422) 1.80 (433) 2.28 (452) 2.70 (467)  
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Step 9 - The latest value of the number of failure points is considered 
as the converged result n̂k

f ,converged. 

In this way, starting from a common initial DOE, m numbers of 
adaptive metamodels for m number of ground motion records are 
updated until the convergence. The Pf value at the desired value of PGA 
is finally estimated in the MCS framework as, 

P̂f ,PGA =

∑m

k=1
n̂k

f ,converged

∑m

k=1
Nk

=

∑m

k=1
n̂k

f ,converged

NMC
(21) 

A flowchart of the proposed active learning-based adaptive meta
modeling approach is depicted in Fig. 1. 

For any other value of PGA, the iterations start from the same initial 

Fig. 1. Flowchart of the proposed active learning-based adaptive metamodeling approach for SRA.  

Fig. 2. (a) The building plan, (b) the details of the extracted 2D frame, (c) the details of the fibre discretisation of the beams and (c) the columns [22].  
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DOE. However, the adaptive samples vary depending on the PGA value 
and the considered ground motion. In the case of multiple damage 
levels, the initial DOE remains identical for all LSFs, but the adaptive 
samples are different. As a result, different new training points are 
added, leading to the construction of separate adaptive metamodels. 

4. Numerical study 

To numerically validate the proposed sparse Bayesian regression- 
based adaptive metamodeling approach, two realistic examples of SRA 
of structures are considered. The first example involves the SRA of a 
typical reinforced concrete (RC) frame of a four-story hostel building. 
The second example focuses on the SRA of a typical pier in a multi-span 
river bridge. Both examples require NLTHA to evaluate the seismic 
response. For the comparative study, the active learning-based adaptive 
metamodeling approach for SRA, recently developed by Xiao et al. [52], 
is also employed in combination with the Kriging metamodeling tech
nique as this metamodel is commonly used in active learning algorithms. 
All figures and tables label this approach as ‘Active Kriging’. For both 
SRA problems, NMC = 5000 samples are generated to conduct MCS. The 
results obtained from the direct MCS technique are considered to be the 
benchmark for comparison. 

4.1. Example 1: A four-storied RC building frame 

A four-storied RC building frame problem previously studied by 
Ghosh et al. [22] is taken as the first example. In the study conducted by 
Ghosh et al. [22], the 13.5 m high building was considered to be located 
in Guwahati, India. Accordingly, the ground motion suite consists of 
twenty-four earthquake time histories for that location, encompassing 
natural, artificial, and synthetic records, with eight in each category 
[22]. Eight natural earthquake accelerogram records were chosen from 
past regional events to match the seismic hazard at the building site. The 
selection includes earthquakes with magnitude 6.0 to 8.0 within 300 km 
of the site, covering the magnitude-distance distribution from the 

disaggregation of the probabilistic seismic hazard analysis [28]. All re
cords are for rock sites, consistent with the site conditions at the building 
location. Artificial accelerograms were generated to match the target 
response spectra for rock and stiff soil sites at 5% damping. The simu
lated accelerograms were modulated using a deterministic envelope 
function to capture the nonstationary, transient nature of actual earth
quakes [28,60]. The stochastic ground motion simulation method pro
posed by Boore [61] was utilised to develop synthetic accelerations 
covering magnitude 6.0 to 8.0 events within a 300 km distance. The plan 
of the entire building and the position of the transverse frame used for 
SRA are shown in Fig. 2. The cross-sections of beams and columns are 
0.3 m × 0.6 m and 0.4 m × 0.4 m, respectively. Steel bars of 16 mm 
diameter are used for longitudinal reinforcements, with 3 bars placed at 
the top and bottom of beams and 12 bars equally distributed on the four 
sides of columns. The stirrups in the beams and lateral ties in the col
umns are placed at an interval of 0.2 m, utilising reinforcement bars with 
a diameter of 8 mm. For a more comprehensive understanding of the 
structural elements, the illustrated fibre discretisation of beams and 
columns can be found in Ghosh et al. [22]. 

The NLTHA of the frame is carried out using the OpenSees software 
[62]. The beams and columns in the model are simulated using 
displacement-based beam-column elements that incorporate associated 
fibre sections, with each segment of the beam-column element assigned 
five integration points to effectively capture the response of the com
ponents. In the model, the core sections are represented using confined 
concrete, while the cover sections are modelled with unconfined con
crete. The following material models from the OpenSees are utilised to 
simulate the nonlinear behaviour of these materials accurately:  

i) The concrete04 material model based on Mander et al. [63] is 
employed for the core concrete, considering its ultimate strength 
at the stress level corresponding to the first hoop fracture.  

ii) The concrete01 material model based on the Kent–Scott–Park 
concrete material model [64] is used for the cover concrete, 
which assumes zero tensile strength. 

Fig. 3. The stress-strain behaviour of (a) unconfined cover concrete as per the concrete01 model, (b) confined core concrete as per the concrete04 model for 28-days 
compressive strength of 35 MPa and (c) reinforcing steel as per the steel02 model for yield strength of 500 MPa. 
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iii) The steel02 material model, which exhibits isotropic strain 
hardening properties following the Giuffre–Menegotto–Pinto 
steel material model [65], is selected for the reinforcing steels. 

The stress-strain behaviours of the above material models are 
depicted in Fig. 3. 

In the NLTHA, the dead load primarily comprises the self-weight of 
both the structural and non-structural components. Additionally, a live 
load of 2 kN/m2 is assumed for the evaluation. SRA is performed for 
three structural performance levels: Immediate Occupancy (IO), Life 
Safety (LS), and Collapse Prevention (CP). The FEMA-356 [66] guide
lines provide permissible maximum storey drift ratio values of 1% for 
IO, 2% for LS, and 4% for CP levels, ensuring structural safety and 
integrity under varying seismic conditions. In the SRA, the concrete 
characteristic strength (fck), steel yield strength (fy), and structural 
damping values (ξ) are treated as random variables. They are assumed to 
follow uncorrelated truncated normal distributions. The mean and 
standard deviation of fck, fy and ξ are taken as 25 MPa and 5 MPa, 250 
MPa and 50 MPa, and 5% and 2%, respectively. For truncation of dis
tributions, the considered lower and upper limits of fck, fy and ξ are 20 

MPa and 30 MPa, 200 MPa and 300 MPa, and 3% and 7%, respectively. 
In addition to three random variables, PGA is considered the fourth 
input variable, ranging from 0.1 g to 1.0 g. Based on the UD table 
U30(304) available at https://www.math.hkbu.edu.hk/UniformDesign/, 
30 equidistant levels of each variable are arranged to create the initial 
DOE of 30 training points. After that, the responses of 24 ground mo
tions are evaluated at each of the 30 points, resulting in evaluations of 
24 NLTHA for each training point. 

The seismic reliability of the building frame under consideration is 
assessed using the proposed active learning-based adaptive sparse 
Bayesian regression, the active Kriging and the direct MCS approaches. 
In the proposed adaptive method, separate adaptive metamodels are 
built for all 24 ground motions in the bin to approximate the responses 
for each ground motion under each damage state. Now, adaptive met
amodel for each ground motion may require different numbers of 
adaptive samples. For example, in the case of IO performance level, the 
adaptive samples needed for each metamodel are varied from 0 to 90. 
The required number of total adaptive samples is 242 for the IO case. 
Similarly, the total adaptive samples required are 117 and 0 for the LS 
and the CP damage cases, respectively. Thus, the proposed adaptive 

Fig. 4. Convergence of estimated reliability of building frame for IO damage state (a) at 0.1 g PGA level and (b) at 0.2 g PGA level.  

Fig. 5. Seismic reliability of the building frame by different approaches for (a) Immediate Occupancy, (b) Life Safety and (c) Collapse Prevention.  
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method requires a total of 359 new training samples for the SRA of the 
building frame at 0.1g PGA level. Whereas the active learning-based 
adaptive Kriging method requires 77 adaptive samples for SRA of the 
building frame at 0.1g PGA. However, one training data generation re
quires 24 function evaluations involving NLTHAs. Thus, it requires 77 ×
24 = 1128 NLTHAs of the structure. In the proposed adaptive method, 
the failure probability gradually becomes more accurate with the 
increasing number of training points. The gradual changes in failure 
probability for two typical cases are shown in Fig. 4. Fig. 5 illustrates the 
seismic reliability of the building frame for three different damage states 
(i.e., IO, LS, and CP). It is evident from the figure that the results ob
tained from the proposed approach closely align with those obtained 
from direct MCS for all cases. However, the active Kriging approach, 
which relies on the assumption of a lognormal distribution, produces 
results that significantly deviate from the reference values. 

Furthermore, Table 2 compares computational efficiency, i.e. the 
number of NLTHAs for the different approaches. This comparison pro
vides insights into the efficiency of the approaches in assessing the 
seismic reliability of the building frame. The total number of adaptive 
samples added by the proposed approach (3085) is remarkably less than 

that by the active Kriging approach (10704). Consequently, the total 
computation time of the proposed approach (20926 s) is also signifi
cantly lower than that of the active Kriging approach (41550 s) for the 
complete generation of seismic reliability results for ten intensity levels. 

4.2. Example 2. A typical bridge pier 

The second example is a typical bridge pier of a multi-span simply 
supported river bridge previously investigated by Ghosh et al. [28]. 
Similar to the previous problem, the bridge is assumed to be located in 
Guwahati City, and the same ground motion suite is considered for SRA. 
The longitudinal profile of the bridge, including details about the bent 
columns, supporting bent cap and pile caps, and their OpenSees model, 
are shown in Fig. 6. The further details about the OpenSees model of the 
pier, the displacement-based beam-column elements with associated 
fibre sections for associated concrete (cover and core separately), 
modelling of reinforcement and pile resistance including soil-structure 
interaction effects can be found in Ghosh et al. [28]. Four damage 
states are considered for SRA. The permissible drift ratios associated 
with slight, moderate, extensive and complete damage states are taken 
as 0.01, 0.025, 0.05 and 0.075, respectively [67]. The random variables 
considered for SRA are the characteristic compressive strength of con
crete (fck), the elastic modulus of concrete (Ec), the yield strength of steel 
(fy), the elastic modulus of steel (Es), translational spring constants (KG, 

h), rotational spring constants (KG,r) and the structural damping (ξ). All 
random variables are considered to be uncorrelated; fck, fy and ξ follow 
truncated normal distributions, while Ec and Es are distributed as trun
cated lognormal. The mean and standard deviation of fck, Ec, fy, Es and ξ 
are taken as 35 MPa and 2.24 MPa, 29580 MPa and 2277.66 MPa, 500 
MPa and 32 MPa, 200 GPa and 16 GPa, and 4.5% and 1.25%, respec
tively. For truncation of distributions, the considered lower and upper 
limits of fck, Ec, fy, Es and ξ are 32.76 MPa and 37.24 MPa, 27302.34 MPa 
and 31857.66 MPa, 468 MPa and 532 MPa, 184 GPa and 216 GPa, and 
3.25% and 5.75%, respectively. Both KG,h and KG,r are treated as uniform 
random variables. KG,h varies uniformly between 65.25 kN/mm and 
195.75 kN/mm. KG,r ranges uniformly between 3.03 × 105 kN-m/rad 
and 9.09 × 105 kN-m/rad. There are eight input variables including 

Table 2 
Comparison of the required number of actual function evaluations for SRA of the 
building frame by different approaches.  

PGA Number of actual function evaluations involving NLTHA  

Proposed adaptive approach Active Kriging approach 

0.1 g 720 + 359 720 + 1128 
0.2 g 720 + 491 720 + 1128 
0.3 g 720 + 664 720 + 1080 
0.4 g 720 + 173 720 + 840 
0.5 g 720 + 423 720 + 984 
0.6 g 720 + 305 720 + 888 
0.7 g 720 + 185 720 + 1200 
0.8 g 720 + 292 720 + 1128 
0.9 g 720 + 79 720 + 1200 
1.0 g 720 + 114 720 + 1128 
Total 720 + 3085 720 + 10704  

Fig. 6. The details of the considered bridge: (a) longitudinal profile, (b) elevation of the considered multi-column bent, (c) OpenSees analytical model of the 
bent [22]. 
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PGA. Therefore, the UD table U30(308) generates the 30 initial training 
points. Subsequently, the responses are evaluated at each training point, 
resulting in 24 × 30 NLTHA evaluations. 

Like the previous problem, the SRA of the bridge pier is performed 
using the proposed adaptive approach, the active Kriging approach, and 
the direct MCS approach. Fig. 7 illustrates the seismic reliability of the 
bridge pier estimated by three approaches for four different damage 
states. It is evident from the figure that the results obtained from the 
proposed approach closely match those obtained from direct MCS for all 
cases. Like the previous example, the active Kriging approach deviates 
significantly from the benchmark results. Table 3 presents a comparison 
of the required number of NLTHA for the different approaches. This 
comparison provides observations, similar to the previous example, on 
the computational efficiency of the three different approaches for the 
SRA of the bridge pier. 

5. Conclusions 

An adaptive metamodeling approach for SRA of structures involving 
nonlinear seismic response approximation by incorporating active 
learning techniques and employing sparse Bayesian regression as the 

metamodeling technique is developed. The effectiveness of the proposed 
approach is demonstrated numerically using two realistic SRA problems 
involving NLTHA. The reliability results are compared with the existing 
Kriging-based active learning approach to assess the effectiveness of the 
proposed SRA approach. Based on the findings from the study, the 
following conclusions on the present research are made:  

• The results clearly revealed the superiority of the proposed 
approach, as the predicted outcomes closely aligned with those ob
tained from the direct MCS technique. The number of actual function 
evaluations involving NLTHA and consequently the computational 
time is less than that of the existing active learning approach.  

• The separate sparse Bayesian regression metamodels for each 
earthquake record avoid the need for prior distribution assumptions 
of seismic responses and capture nonlinear trends effectively. Thus, 
the proposed approach provides a more flexible and robust frame
work for more accurate prediction in SRA.  

• Only one NLTHA is needed to add training data in each iteration. 
Thus, the proposed approach significantly reduces computational 
cost. This facilitates the achievement of good accuracy and much 
higher efficiency than the existing approach. 

The fundamental steps of the proposed approach are generic, and it 
can be adapted to a wide range of structures and locations, replacing the 
mechanical model of the structure and generating ground motion data 
specific to the site under consideration. Thus, the proposed approach 
can be seamlessly applied to different types of structures, such as 
buildings, bridges, or offshore platforms, and in various geographical 
locations. The study can be further expanded for reliability analysis of 
nonlinear structures subjected to other types of stochastic dynamic 
loading, including wind, waves, blasts, etc. 
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Fig. 7. Seismic reliability of the bridge pier by different approaches for (a) Slight, (b) Moderate, (c) Extensive and (d) Complete damage states.  

Table 3 
Comparison of the required number of actual function evaluations for SRA of the 
bridge pier by different approaches.  

PGA Number of actual function evaluations involving NLTHA  

Proposed adaptive approach Active Kriging approach 

0.1 g 720 + 510 720 + 3408 
0.2 g 720 + 652 720 + 3504 
0.3 g 720 + 212 720 + 3552 
0.4 g 720 + 625 720 + 3624 
0.5 g 720 + 385 720 + 3816 
0.6 g 720 + 286 720 + 4080 
0.7 g 720 + 234 720 + 4272 
0.8 g 720 + 430 720 + 3864 
0.9 g 720 + 631 720 + 3696 
1.0 g 720 + 35 720 + 3264 
Total 720 + 4000 720 + 37080  
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